Acta Univ. Palacki. Olomuc., Fac. rer. nat.,
Mathematica 55, 1 (2016) 133–150

A Linguistic Fuzzy Approach to the
Consensus Reaching in Multiple Criteria
Group Decision-making Problems
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Abstract
The paper introduces a new method of reaching a consensus in multiple
criteria group decision-making under fuzziness. This model is based on
the general deﬁnition of the ‘soft’ consensus introduced by Kacprzyk and
Fedrizzi in 1986. The fuzzy evaluations of alternatives express degrees of
fulﬁllment of the given goals by the respective alternatives for each expert.
The selection of the best alternative is based on the fuzzy consensus by
experts. For this purpose a set of alternatives which are good enough
with respect to the most of relevant experts is identiﬁed. From this set the
alternative with the highest center of gravity (defuzziﬁed fuzzy evaluation)
is selected as the most promising one.
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1

Introduction

Making decisions constitutes a large part of our lives. Often the decisions we
make are of little importance, e.g. whether to have rolls or bread for breakfast.
Sometimes, however, we are faced with decisions whose consequences are not
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so negligible (e.g. choosing which one of the new cars to buy, choosing the best
candidate for a job, etc.). In these situations, an appropriate decision-making
model should be used. In the crucial issues it is often advisable to involve more
people in decision-making in order to reach a higher objectivity.
In companies the decisions are frequently made by a group of individuals.
The biggest problem of group decision-making is that experts can have diﬀerent
preferences and their assessments are often too diﬀerent to ﬁnd the option on
which everyone agrees. Classic methods based on averaging deal with this issue
by providing results that can be characterised by a mean evaluation. These
approaches may, however, not be appropriate in situations, when too much disagreement between important evaluators (experts or group of experts) is not
welcome (e.g. strategic decisions in companies). Mathematical models that reﬂect the requirement of unanimity (to some level/extent) seem to be more appropriate in this context. This paper therefore suggests a new multiple-criteria
and multi-expert decision making model that enables the decision makers to
specify the required level of unanimity (agreement of evaluations provided by
the experts/evaluators) and also to specify the borderline evaluation that needs
to be achieved by most of the important experts for an alternative to even be
considered for selection.
In general the approaches in group decision-making can be divided into two
categories. On one hand there are voting systems, which are described in many
papers, see e.g. [2, 15, 19, 20, 24]. On the other hand there is consensus reaching,
which is also studied quite frequently in the literature, see e.g. [12, 15, 24]. In
most of the papers dealing with consensus reaching in group decision-making
the consensus reaching is based on the aggregation of fuzzy preference relations.
This paper focuses on the second category of group decision-making models,
that is on mathematical models of consensus reaching. It assumes that each
expert provides evaluations of each alternative with respect to each criterion
considered. For every alternative the overall evaluations by all the experts are
calculated using the partial evaluations provided by each expert. These overall
evaluations are in the form of fuzzy numbers—such fuzzy evaluations express
the degree of fulﬁllment of the overall goal by each alternative according to
each expert. As such these evaluations are of absolute type, that is they are
not dependent on the set of alternatives and describe the acceptability of the
alternatives. A multiple criteria (fuzzy) evaluation methodology based on the
partial goals tree structure that uses this type of evaluations is described in [25].
The evaluation of alternatives proceeds in the following way. At ﬁrst, each
expert evaluates each alternative with respect to each criterion by a fuzzy number. The fuzzy weighted average with fuzzy weights of criteria is then applied for
the aggregation of partial evaluations of any expert. Diﬀerent weights of criteria
are admitted for individual experts. The experts are assumed to have various
decision competences expressed again by fuzzy weights. The fuzzy weighted
average and related issues are described in more details in [21, 22, 23, 26].
Consensus reaching in the model proposed in this paper is based on the idea
that the choice of the best alternative is only among the alternatives that are
good enough according to the most of relevant experts.
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The paper is organized as follows. First, in the next section, some preliminary deﬁnitions relating to fuzzy sets, fuzzy numbers and linguistic fuzzy
modelling in general are brieﬂy summarized. In the third section the proposed
multiple criteria group decision-making model is described in details. In Section 4, an illustrative example is shown. Finally, the last section contains the
summary of the model and its discussion.

2

Preliminaries

Let U be a nonempty set called universe. A fuzzy set A on U is determined by
its membership function μA (x) : U → [0, 1], where μA (x) expresses the degree
of membership of x in the fuzzy set A—from 0 for “x deﬁnitely does not belong
to A” to 1 for “x deﬁnitely belongs to A”, through all intermediate values. The
family of all fuzzy sets on a universe U is denoted by F(U ).
Let A be a fuzzy set on U and α ∈ [0, 1]. A crisp set


(1)
Aα = x ∈ U | μA (x) ≥ α
is called the α-cut of a fuzzy set A. The support of a fuzzy set A is a (crisp) set

Supp(A) = {x ∈ U | μA (x) > 0 .
(2)
The kernel of a fuzzy set A is a (crisp) set

Ker(A) = {x ∈ U | μA (x) = 1 .

(3)

In cases, when the support of A is a discrete set (Supp(A) = {x1 , . . . , xk }),
then the fuzzy set A can be denoted as A = {μA (x1 ) x1 , . . . , μA (xk ) xk }. A special type of fuzzy sets whose universe is a subset of R, the so called fuzzy numbers,
can be deﬁned in the following way. Let U ⊂ R be an interval. A fuzzy number
N is a fuzzy set on the universe U which fulﬁlls the following conditions:
(a) Ker(N ) = ∅,
(b) for all α ∈ (0, 1], Nα are closed intervals,
(c) Supp(N ) is bounded.
The family of all fuzzy numbers on U is denoted by FN (U ).
Each fuzzy number N is determined by
&
'(
N = N (α), N (α)
,
α∈[0,1]

where N (α) and N (α) is the lower and upper bound of α-cut of the fuzzy number
N respectively, for 0 < α ≤ 1 and [N (0), N (0)] is the closure of the support of
N , i.e. [N (0), N (0)] = Cl(Supp(N )).
A trapezoidal fuzzy number N is determined by an ordered quadruple
(n1 , n2 , n3 , n4 ) ⊂ U 4
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of signiﬁcant values of N satisfying
[n1 , n4 ] = Cl(Supp(N )) and [n2 , n3 ] = Ker(N ).
The membership function of a trapezoidal fuzzy number N is
⎧
0
⎪
⎪
⎪
x−n1
⎪
⎨ n2 −n1
μN (x) = 1
⎪
⎪
n4 −x
⎪
⎪
⎩ n4 −n3
0

if
if
if
if
if

x < n1 ,
n1 ≤ x < n2 ,
n2 ≤ x ≤ n3 ,
n3 < x ≤ n4 ,
x > n4 .

N is called a triangular fuzzy number if n2 = n3 . Closed real intervals and
real numbers can be represented by special cases of trapezoidal fuzzy numbers.
This paper utilizes the linguistic approach
prob to group decision-making

lems. Linguistic variable [27] is a 5-tuple V, T (V), U, G, M , where V is the
name of the linguistic variable, T (V) is the set of its linguistic terms (the values
of V), U ⊂ R is the universe on which the fuzzy numbers expressing meanings
of these linguistic terms are deﬁned, G is the grammar used to generate the
linguistic terms of V and M is a mapping that assigns to each linguistic term
C ∈ T (V) its meaning C = M (C) (a fuzzy number on U ).

3 Proposed multiple criteria group decision-making model
In this section the proposed mathematical model will be described in details.
In the proposed model a set X = {X1 , . . . , Xn } of n ≥ 2 alternatives is
considered. Each alternative Xi , i = 1, . . . , n, is evaluated by p ≥ 2 experts
with possibly diﬀerent competences according to m ≥ 2 criteria. Competences
of experts are given by fuzzy numbers Lk ∈ FN ([0, 1]), k = 1, . . . , p, where 0
means an incompetent expert and 1 means a fully competent expert. Linguistic
terms presented in Table 1 (their meanings are illustrated in Figure 1) can be
used to assign competences to experts. Obviously, experts’ competences are well
suited for reﬂecting the position of the experts in the company or their areas of
expertise with respect to the solved problem.
0
EL
VL
L
A
H
VH
EH
1

deﬁnite incompetence
extremely low competence
very low competence
low competence
average competence
high competence
very high competence
extremely high competence
full competence

Table 1: Linguistic terms expressing competence of experts
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Figure 1: Meanings of linguistic terms expressing competence of experts
As was already mentioned, the experts evaluate each alternative according
to m criteria C1 , . . . , Cm . Criteria are set to match the partial goals. Expert
Ek , k = 1, . . . , p, evaluates each alternative Xi , i = 1, . . . , n, according to each
k
∈ FN ([0, 1]) which expresses
criterion Cj , j = 1, . . . , m, by a fuzzy number Hij
the level of fulﬁllment of the corresponding partial goal (0 means no fulﬁllment
and 1 means complete fulﬁllment, through all the intermediate values). The
following linguistic terms can also be used:
• almost zero fulﬁllment,
• weak fulﬁllment,
• average fulﬁllment,
• substantial fulﬁllment,
• almost complete fulﬁllment.
Their meanings are shown in Figure 2.

Figure 2: Meanings of linguistic values of the linguistic variable expressing the
fulﬁllment of partial goal
Each expert Ek assigns a weight Wjk ∈ FN ([0, 1]) to the criterion Cj ,
j = 1, . . . , m, which expresses the importance of criterion Cj , (0 represents
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a deﬁnitely irrelevant criterion and 1 means deﬁnitely necessary criterion). Different weights of criteria are admitted for individual experts. The following
linguistic terms can be also used:
• very low importance,
• low importance,
• average importance,
• high importance,
• very high importance.
Their meanings are shown in Figure 3.

Figure 3: Meanings of linguistic terms expressing the importance of criterion

3.1

Evaluation of alternatives by experts

Fuzzy weighted average operation with fuzzy weights of criteria is applied to
aggregate the partial evaluations of alternatives.
The overall evaluation Hik ∈ FN ([0, 1]) of alternative Xi , i = 1, . . . , n, according to expert Ek , k = 1, . . . , p, is computed by
&
'(
k
Hik = H ki (α), H i (α)
,
(4)
α∈[0,1]

where the lower and upper bounds of the α-cuts
m
H ki (α) =
k
H i (α)

=

min
k

wjk ∈[W k
j (α),W j (α)],j=1,...,m

max
k

wjk ∈[W k
j (α),W j (α)],j=1,...,m

k
k
j=1 wj · H ij (α)
m
,
k
j=1 wj

m

k
k
j=1 wj · H ij (α)
m
k
j=1 wj

are computed by a suitable algorithm for nonlinear optimization problems.
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In practical cases, calculations are performed for only a few α-cuts and the
resulting overall evaluations are replaced by the piecewise linear fuzzy numbers
[25] (i.e. fuzzy numbers with a piecewise linear membership function). The
overall evaluations Hik ∈ FN ([0, 1]) express the level of fulﬁllment of overall
goal by alternative Xi , i = 1, . . . , n, according to expert Ek , k = 1, . . . , p.
Now, one can apply analogously the fuzzy weighted average of the overall
evaluations for the given alternative (fuzzy competences of experts Lk , k =
1, . . . , p, are used as weights) to obtain group evaluations of alternatives. The
best alternative can then be chosen by comparing the centers of gravity (15) of
the group evaluations. But such approach does not use the concept of consensus.
Moreover such approach can lead to the selection of an alternative with a low
fulﬁllment level of the overall goal—this can happen e.g. when all the alternatives
are evaluated low (have bad evaluations) according to all the experts.
A diﬀerent perspective is adopted in this paper. The proposed model is
based on the idea that the optimal alternative should be chosen among such
alternatives which are good enough according to the meaning of a suﬃcient
amount of important experts. Due to this aim a linguistic variable A% with the
linguistic term set {A%1 , . . . , A%5 } is introduced to express the level of acceptance
of alternatives by experts; Table 2 summarizes the linguistic terms and Figure 4
depicts their respective meanings.
A%1
A%2
A%3
A%4
A%5

excellent
good
acceptable
borderline
unacceptable

Table 2: Linguistic term set expressing acceptance of alternative

Figure 4: Meanings of the linguistic terms expressing acceptance of alternatives
The membership functions of the trapezoidal fuzzy numbers representing the
meanings of the linguistic terms expressing acceptance of alternatives are
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⎧
0
⎪
⎪
⎪ x−a1r
⎪
⎪
⎨ a2r −a1r
μAr (x) = 1
⎪
⎪

a4 −x
⎪
⎪ a4rr−a3r
⎪
⎩
0

if
if
if
if
if

x<%
a1r ,
1
%
ar ≤ x < %
a2r ,
a3r ,
%
a2r ≤ x ≤ %
%
a3r < x ≤ %
a4r ,
4
x>%
ar ,

r = 1, . . . , 5.

A modiﬁed set of linguistic terms {A1 , . . . , A5 } expressing “at least A%r ”,
r = 1, . . . , 5, whose meanings have the membership functions deﬁned in the
following way
⎧
a1r ,
⎪
⎨ 0 1 if x < %
ar
μAr (x) = ax−
if %
a1r ≤ x < %
a2r , r = 1, . . . , 5,
2 −
a1
⎪
⎩ 1 r r if x ≥ %
2
ar ,
will also be used in the proposed model.
k
, r = 1, . . . , 5, i = 1, . . . , n, k = 1, . . . , p, can be computed
The numbers θri
in the following way:

(

k
θri
= sup min μAr (x), μHik (x) .
(5)
x∈[0,1]

These numbers can be interpreted as truth values of the statement: “the
acceptance of alternative Xi by expert Ek is Ar ”. For example, according to
3
, and
expert E3 , alternative X2 is at least acceptable with the truth value θ32
3
it is at least borderline with the truth value θ42 . Simultaneously, according to
2
, and it
expert E2 , alternative X3 is at least excellent with the truth value θ13
2
is at least good with the truth value θ23
.
The fuzzy sets Fri of experts suggesting Ar for Xi , Fri ∈ F({E1 , . . . , Ep }),
p
1
r = 1, . . . , 5, i = 1, . . . , n, can now be deﬁned as Fri = {θri E1 , . . . , θri Ep }.

3.2

Group aggregation

In the proposed model, the selection of the best alternative is based on the idea
that the best alternative should be good enough according to the “quantity” of
important experts. To represent the desired quantity, the linguistic quantiﬁer
%4 } is introduced, see Table 3. The meanings Q
%1 , . . . , Q
% 4 of these
%1 , . . . , Q
set {Q
linguistic quantiﬁers are shown in Figure 5.
%1
Q
%2
Q
%3
Q
%4
Q

almost all
more than half
about half
minority

Table 3: Linguistic quantiﬁers
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Figure 5: The meanings of the linguistic quantiﬁers
Their membership functions are
⎧
0
if
⎪
⎪
⎪
x−
qs1
⎪
⎪
⎨ qs2 −qs1 if
if
μQs (x) = 1
⎪
4
⎪
⎪ q4s −x3 if
⎪
⎪
⎩ qs −qs
0
if

x < q%s1 ,
q%s1 ≤ x < q%s2 ,
q%s2 ≤ x ≤ q%s3 ,
q%s3 < x ≤ q%s4 ,
x > q%s4 ,

s = 1, . . . , 4.

The meanings Q1 , . . . , Q4 of the linguistic quantiﬁers expressing “at least
%s ”, are deﬁned by membership functions
Q
⎧
1
⎪
⎨ 0 1 if x < q%s ,
x−
qs
1
μQs (x) = q2 −q1 if q%s ≤ x < q%s2 , s = 1, . . . , 4.
⎪
⎩ 1s s if x ≥ q%2 ,
s
To simplify the notation, the linguistic term set {at least almost all, at least
more than half, at least about half, at least minority} will be substituted by the
term set {almost all, majority, at least half, some} = {Q1 , . . . , Q4 }. The linguistic term important expert is also required, with its meaning B ∈ FN ([0, 1])
deﬁned by (6).
⎧
if 0.0 ≤ x < 0.3
⎨0
(6)
μB (x) = 2x − 0.6 if 0.3 ≤ x < 0.8
⎩
1
if 0.8 ≤ x ≤ 1.0.
Using this linguistic term and its meaning, we can deﬁne the fuzzy set of important experts I ∈ F({E1 , . . . , Ep }) as I = {ζ1 E1 , . . . , ζp Ep }. For the group
aggregation, it is necessary to determine the importance level ζk of each expert.
If competence of expert Ek is assessed by fuzzy number Lk , then


(
ζk = sup min μB (x), μLk (x) , k = 1, . . . , p.
x∈[0,1]

In the proposed model inspired by the concept of ‘soft’ consensus (see [9]), the
group aggregation is based on the ‘soft’ degrees of consensus by Fedrizzi and
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Kacprzyk described e.g. in [11]. According to [11], a linguistic statement most
experts are convinced (quantiﬁed by “most”) can be symbolically written in the
following form:
Q experts are F,
(7)
where Q is a linguistic quantiﬁer, “experts” represents the (set of) experts,
E = {E1 , . . . , Ep } and F is a property (e.g. convinced). The importance of the
experts can be added into the linguistically quantiﬁed statement (7) using I:
QI experts are F,

(8)

denoting that e.g. a given quantity (Q) of the important experts (I) are F (e.g.
convinced).
The degree of truth of the linguistically quantiﬁed statement (8) now needs to
be found—it can be denoted truth(QI experts are F ). In accordance with [11]
the statement “QI experts are F ” can be reformulated as “Q(I and F ) experts
are I”. The calculations of the truth value proceed in the following two steps.
We suppose that at least one of the experts has nonzero importance level and
in step 1 we calculate
'
p &

count(I and F )
k=1 μI (Ek ) ∧ μF (Ek )


p
=
,
(9)
r =
count(I)
k=1 μI (Ek )
where ∧ is a minimum t-norm. In step 2 the actual truth degree of the statement (8) is calculated:
truth(QI experts are F ) = μQ (r  ).

(10)

With respect to this general approach outlined in [11], in the model proposed in this paper instead of “Q” all the quantiﬁers Qs , s = 1, . . . , 4, will be
considered in turn; “μI (Ek )” can be replaced by “ζk ”, “F ” will be substituted
by Fri corresponding to “experts suggesting Ar for Xi ” and hence “μFri (Ek )”
k
can be replaced by “θri
”, r = 1, . . . , 5, i = 1, . . . , n.
Thus, the truth value (denoted ξir,s ) of the statement “the alternative Xi is
Ar (e.g. at least good ) with
 respect to the opinion of quantity (Qs ) of imporAr . It can be
tant experts (I)” &is truth
Qs I experts are experts suggesting

'
rewritten to truth Qs I and suggesting Ar experts are I .
The values ξir,s are computed by
p
ξir,s

= μQ s

&
'
k
ζk ∧ θri
p
k=1 ζk

k=1

,

r = 1, . . . , 5, s = 1, . . . , 4.

(11)

Values ξir,s are computed for all i = 1, . . . , n, r = 1, . . . , 5, s = 1, . . . , 4, that
is 20n values need to be computed.
For example, ξ21,3 is the truth value of the statement “alternative X2 is
excellent according to the opinions of at least about half of important experts”
and ξ52,2 is the truth value of the statement “alternative X5 is at least good
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according to the opinions of majority of important experts”, and ξ53,1 is the
truth value of the statement “alternative X5 is at least acceptable according to
the opinions of almost all important experts”.
For all r, s the set Υr,s is deﬁned, which includes such alternatives which are
Ar according to Qs of important experts,



Υr,s = Xi ∈ X  ξir,s = 1 .

(12)

ﬁrst nonempty set is
The sets Υr,s are scanned in the order K until
 the 
found. The order K is a given sequence of pairs (r, s)t t such that the pair
(r, s)t should be checked for nonemptyness before the pair (r, s)t , for t < t .
The order K can be speciﬁed like this:


K = (1, 1), (1, 2), (2, 1), (2, 2), (3, 1), (3, 2), (1, 3), (2, 3), . . . .

(13)

This order can be rewritten using linguistic terms as

K = (excellent by almost all ), (excellent by majority),
(at least good by almost all ), (at least good by majority),
(at least acceptable by almost all ), (at least acceptable by majority),

(excellent by at least half ), (at least good by at least half ), . . . .
The ﬁrst non-empty set Υr,s according to K (denoted Υ∗ ) includes those
alternatives, among which the most promising one is to be chosen.
The sequence K doesn’t have to include all possible combinations of r and
s. It is suﬃcient to consider only relevant combinations (e.g. (borderline by
majority) can be omitted, as such alternatives are deﬁnitely not good ones to
consider). As K does not necessarily include all possible combinations of r and
s, it can happen that there is no nonempty Υr,s . In this case, no alternative is
chosen (none of the alternatives is considered good enough to be adopted in the
consensus sense, based on the meanings of the experts).
In the case when all the experts would have zero importance level, which is
not very frequent in practice, there would be no relevant information to base
our decision on. A reasonable course of action in these cases would be ﬁnding
experts with nonzero importance levels.

3.3

Choosing of the best alternative

In case of a nonempty Υ∗ , the fuzzy weighted average with fuzzy weights Lk ,
k = 1, . . . , p, is applied to aggregate experts’ evaluations of alternatives Hik ,
∀i : Xi ∈ Υ∗ . The group evaluations of alternatives are expressed by fuzzy
numbers
&
'(
, i : Xi ∈ Υ∗
(14)
Hi = H i (α), H i (α)
α∈[0,1]
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where the lower and upper bounds of the α-cuts are computed according to the
equations
p
lk · H ki (α)
k=1
p
H i (α) =
min
,
k
k
lk ∈[Lk (α),L (α)],k=1,...,p
k=1 l
p
k
lk · H i (α)
k=1
p
H i (α) =
max
.
k
k
lk ∈[Lk (α),L (α)],k=1,...,p
k=1 l
Alternatives from Υ∗ are compared according to their group evaluations by
the center of gravity (15).
1

xμHi (x)dx
THi = 0 1
μ (x)dx
0 Hi

(15)

The alternative with the highest center of gravity of its fuzzy group evaluation is chosen as the optimal one.
Xi0 : THi0 = max ∗ THi .
i:Xi ∈Υ

(16)

If more than one alternative have the same the highest center of gravity of
group evaluation, any of them may be selected as the optimal one.

4

Example—a comparison of the proposed and standard
approach

Let us consider a family of four that wants to buy a new car. Each of its four
family members evaluates 8 diﬀerent cars according to a set of relevant criteria
including design, safety and fuel consumption. Their overall evaluations of the
cars (alternatives) are illustrated in Figure 6.
Competences of all four family members (experts in our terminology) are
assigned as follows (the younger child is considered of an extremely low competence, the older one is considered of average competence, one of the parents of
very high competence and the other one is considered to be fully competent):
Expert
Expert1
Expert2
Expert3
Expert4

competence
fully competent
very high competent
average competent
extremely low competent

Table 4: Competences of experts.
The experts evaluate each alternative according to all the three above mentioned criteria using linguistic terms shown in Figure 2, which express the fulﬁllment of the corresponding partial goal. Due to the diﬀerent relationship
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of experts to the problem addressed, diﬀerent weights of criteria were allowed
for each expert. The experts determine the importance of criteria using the
linguistic terms of the linguistic variable presented in Figure 3.
Each expert evaluates each alternative according to all three criteria and also
he/she speciﬁes the weights of all three criteria. The evaluations (including the
weights of the criteria) are summarized in the following 4 tables (Tables 5 to 8).
The overall evaluations of alternatives according to each expert are illustrated
in Figure 6.
criterion
weight of criterion
car1
car2
car3
car4
car5
car6
car7
car8

design
low
complete
substantial
complete
weak
weak
average
average
substantial

fuel consumption
average
weak
average
substantial
substantial
weak
substantial
complete
average

safety
very high
average
average
complete
zero
average
average
complete
substantial

Table 5: Evaluations of alternatives according to each criterion by Expert1 in
terms of fulﬁlment of the three partial goals (criteria)

criterion
weight of criterion
car1
car2
car3
car4
car5
car6
car7
car8

design
average
weak
average
substantial
complete
average
average
weak
average

fuel consumption
very high
weak
average
average
substantial
weak
average
weak
substantial

safety
high
average
average
complete
weak
average
substantial
average
average

Table 6: Evaluations of alternatives according to each criterion by Expert2 in
terms of fulﬁlment of the three partial goals (criteria)
In the classic approach, the fuzzy weighted average of overall evaluations by
each expert (the competences of experts are used as fuzzy weights) is applied
to obtain the group evaluations. The group evaluations of cars are illustrated
in Figure 7. The centers of gravity of the group evaluations are also marked in
Figure 7. Based on the comparison of the centers of gravity of group evaluations
of cars, the family would choose the car3 as the best one, since its center of
gravity is the highest.
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criterion
weight of criterion
car1
car2
car3
car4
car5
car6
car7
car8

design
very low
weak
substantial
average
complete
weak
complete
substantial
complete

fuel consumption
average
weak
substantial
weak
substantial
average
substantial
complete
substantial

safety
very high
average
average
average
substantial
average
substantial
average
average

Table 7: Evaluations of alternatives according to each criterion by Expert3 in
terms of fulﬁlment of the three partial goals (criteria)
criterion
weight of criterion
car1
car2
car3
car4
car5
car6
car7
car8

design
very high
average
complete
average
weak
weak
complete
average
substantial

fuel consumption
average
average
substantial
average
complete
average
average
weak
complete

safety
low
complete
complete
complete
substantial
average
substantial
substantial
substantial

Table 8: Evaluations of alternatives according to each criterion by Expert4 in
terms of fulﬁlment of the three partial goals (criteria)
If we approach the problem with the multiple criteria group decision-making
model proposed in this paper, we ﬁrst calculate ξir,s for all i = 1, . . . , 8, r =
1, . . . , 5, s = 1, . . . , 4, according to the equation (11). Then the sets Υr,s are
formed according to the equation (12). This way we obtain the results summarized in Table 9.
According to the order K speciﬁed by (13), the ﬁrst non-empty set is Υ3,1
(see Table 9), that is a set of alternatives evaluated at least acceptable by almost
all of the experts, which contains only three alternatives, namely car2, car6,
car8. Finally, these 3 alternatives were compared using method of center of
gravity
TH6 = 0.6098,
TH8 = 0.6257.
TH2 = 0.5427,
and the alternative car8 was chosen as the best one (all the group evaluations
of alternatives and their centers of gravity are illustrated in Figure 7). Note
that the set Υ3,1 does not contain the alternative car3, which was chosen as
the best one by the classic (previously mentioned) approach. We can observe,
that with the multiple criteria group decision-making model proposed in this
paper the alternative car8, which was evaluated at least acceptable by almost
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all of the experts outperforms the alternative car3, which receives a borderline
evaluation from Expert 3. This is consistent with the premise of this paper,
that an alternative which is good enough with respect to most of the relevant
experts should be suggested. The basic diﬀerence between the classic approach
and the one proposed in this paper is that the approach presented here requires
the consensus of the decision makers (e.g. most of the most relevant decision
makers need to agree that the alternative is at least acceptable). This way
the eﬀect of “averaging” by classic methods is restricted to some extent by
discarding alternatives that are not considered “good enough” (in the case of
this example “at least acceptable”) by some important decision makers. The
case where a single important expert “disagrees” with a larger group of decision
makers of lower importance in the evaluation is also a reason for an alternative
to be discarded (not to appear in higher ranking Υr,s sets).
r
excellent
excellent
good
good
acceptable
acceptable
excellent
good
acceptable
borderline
borderline
borderline
excellent
good
acceptable
borderline
unacceptable
unacceptable
unacceptable
unacceptable

s
almost all
more than half
almost all
more than half
almost all
more than half
about half
about half
about half
almost all
more than half
about half
minority
minority
minority
minority
almost all
more than half
about half
minority

alternatives
∅
∅
∅
∅
2,6,8
2,3,4,6,7,8
∅
3,4,7
2,3,4,6,7,8
1,2,3,4,5,6,7,8
1,2,3,4,5,6,7,8
1,2,3,4,5,6,7,8
1,2,3,4,5,6,7,8
1,2,3,4,5,6,7,8
1,2,3,4,5,6,7,8
1,2,3,4,5,6,7,8
1,2,3,4,5,6,7,8
1,2,3,4,5,6,7,8
1,2,3,4,5,6,7,8
1,2,3,4,5,6,7,8

Table 9: Alternatives belonging to Υr,s

5

Conclusion

In this paper a new model for multiple criteria group decision-making in fuzzy
environment was presented. This model applies fuzzy evaluations of absolute
type for evaluation of alternatives and the deﬁnition of the ‘soft’ consensus for
the group aggregation.
In this method, each expert evaluates each alternative with respect to each
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Figure 6: Overall evaluations of cars by the four experts.

0.0

0.2

0.4

0.6

car1
car2
car3
car4
car5
car6
car7
car8

0.0

0.2

0.4

0.6

0.8

Figure 7: Group evaluations of the eight cars.

1.0

A linguistic fuzzy approach to the consensus reaching. . .

149

criterion by a fuzzy number. The fuzzy weighted average with fuzzy weights of
criteria is then applied for the aggregation of partial evaluations of each expert.
Diﬀerent weights of criteria are admitted for individual experts. The experts
are assigned various decision competences expressed again by fuzzy weights.
The selection of the best alternative is based on the fuzzy consensus of experts. For this purpose a set of alternatives which are good enough with respect
to the most of relevant experts (that is a subset of the available alternatives) is
identiﬁed. Group evaluations of the alternatives from this set are calculated by
fuzzy weighted average where the competences of experts (the meanings of their
linguistic labels) are used as fuzzy weights. The alternative which reﬂects the
fuzzy consensus and has the highest group evaluation among such alternatives
is chosen as the most promising one.
An example has been provided showcasing that the usage of the proposed
model can result in a diﬀerent recommendation of an “optimal” alternative than
standard approaches to group decision-making utilizing only fuzzy weighted
average with fuzzy competences. Using the proposed consensus-based model a
higher level of agreement of the relevant decision makers (experts) is required for
an alternative to be suggested as the best one. The proposed model might thus
be an appropriate tool for situations, when disagreement of the evaluators or
the diversity of evaluations is not a desired property. Alternatives that are not
evaluated above a given threshold set by the deﬁnition of the order K speciﬁed
by (13) are not considered in the ﬁnal step among the most promising ones.
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Vojtěch Sukač, Jana Talašová, Jan Stoklasa

[9] Kacprzyk, J., Fedrizzi, M.: ‘Soft’ consensus measures for monitoring real consensus
reaching processes under fuzzy preferences. Control and Cybernetics 15 (1986), 309–
323.
[10] Kacprzyk, J., Roubens, M. (eds.): Non-Conventional Preference Relations in Decision
Making. Springer-Verlag, Berlin, Heidelberg, 1988.
[11] Kacprzyk, J., Fedrizzi, M., Nurmi, H.: ‘Soft’ degrees of consensus under fuzzy preferences
and fuzzy majorities. In: J. Kacprzyk et al. (eds.): Consensus under Fuzziness, Springer
Science & Business Media, New York, 1997, 55–83.
[12] Kacprzyk, J., Nurmi, H., Fedrizzi, M. (eds.): Consensus under Fuzziness. Springer Science & Business Media, New York, 1997.
[13] Klamler, C.: The Dodgson ranking and the Borda count: a binary comparison. Mathematical Social Sciences 48 (2004), 103–108.
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[18] Holeček, P., Talašová, J., Müller, I.: Fuzzy methods of multiple-criteria evaluation and
their software implementation. In: V. K. Mago, N. Bhatia (eds.): Cross-Disciplinary
Applications of Artiﬁcial Intelligence and Pattern Recognition: Advancing Technologies,
IGI Global 2012, 388–411.
[19] Kelly, J. S.: Social Choice Theory. Springer-Verlag, Berlin, Heidelberg, New York, 1988.
[20] Maskin, E. et al.: The Arrow Impossibility Theorem. Columbia University Press, New
York, 2014.
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