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Abstract

This paper is devoted to considering the complex oscillation of differ-
ential polynomials generated by meromorphic solutions of the differential
equation

FO 4+ A (@) SV 4+ AR+ Ao(2)f =0,

where A;(z) (i =0,1,--- ,k—1) are meromorphic functions of finite order
in the complex plane.
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Introduction and main results

Throughout this paper, we assume that the reader is familiar with the funda-

mental results and the standard notations of the Nevanlinna’s value distribu-

tion theory (see [7], [16]). In addition, we will use A(f) and A(f) to denote
respectively the exponents of convergence of the zero-sequence and distinct ze-
ros of a meromorphic function f, p(f) to denote the order of growth of f.

A
if

meromorphic function ¢(z) is called a small function with respect to f(z)
T(r,p) = o(T(r, f)) as r — +0o0 except possibly a set of r of finite linear

measure, where T'(r, f) is the Nevanlinna characteristic function of f.
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Definition 1.1 ([13], [16]) Let f be a meromorphic function. Then the hyper-
order po(f) of f(z) is defined by

. log log T'(r,
po(f) = limsup 22 1OETLS)
r—+400 ogr
Definition 1.2 ([7], [12]) The type of a meromorphic function f of order p
(0 < p < 00) is defined by

7(f) = limsup M

r——+oo r

If f is an entire function, then the type of f of order p (0 < p < 00) is defined

by
log M
Trv(f) = limsup o B 1) (r ) ,
r—>+00 rf

where M (r, f) = max.|—, | f(2)].

Remark 1.1 There exist entire functions f which satisfy mar(f) # 7(f). For

example, if f(z) = e*, then we have 7p/(f) = 1 and 7(f) = L.

™

Definition 1.3 ([13], [16]) Let f be a meromorphic function. Then the hyper-
exponent of convergence of zeros sequence of f(z) is defined by

loglog N (r, &
)\g(f):hmsup—g g N f)
r——+00 IOgT

where N (r, %) is the integrated counting function of zeros of f(z) in {z: |z| < r}.
Similarly, the hyper-exponent of convergence of the sequence of distinct zeros
of f(2) is defined by

_ loglog N (r, &
)\g(f):hmsup—g Gl f)
r——+00 IOgT

where N (r, %) is the integrated counting function of distinct zeros of f(z) in

{z:]z] <r}.
Consider the complex differential equation
f® +A)f =0 (1.1)
and the differential polynomial
g9r = def™ + dr fED o dof, (1.2)

where A(z) and d;(z) (j =0,1,..., k) are meromorphic functions in the complex
plane.
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In 2000, Chen [5] first studied the fixed points of solutions of second-order
linear differential equations and obtained some precise estimation on the number
of fixed points of the solutions. After that, many authors [1,6,8,9,10,13,15]
investigated the complex oscillation theory of solutions and differential polyno-
mials generated by solutions of differential equations in C. In [10], the authors
investigated the growth and oscillation of differential polynomials generated by
solutions of (1.1), and obtained the following results.

Theorem A ([10]) Let A(z) be a meromorphic function of finite order, and let
d;(z) (j = 0,1,...,k) be finite order meromorphic functions that are not all
vanishing identically such that

Q0,0 10 - - Okg-10
@01 @11 - . Q11

h = . . .. . £ 0,
QQk—1 Q1 k-1 - - Og—1k—1

where the sequence of functions a;; (1 = 0,...,k—1; 7 =0,...,k —1) are

defined by

s — oo oo, foralli=1,---,k—1,
Y ag oy — Aag_1 -1, fori=0
and
. foralli=1,--- k-1,
YO0 T dy — dgA, fori=0.

If f(2) is an infinite order meromorphic solution of (1.1) with pa(f) = p, then
the differential polynomial (1.2) satisfies

p(gr) = p(f) =00 and p2(gr) = p2(f) = p.

Furthermore, if f is a finite order meromorphic solution such that

p(f) > max{p(A),p(d;) (j=0,1,...,k)},

then
p(gr) = p(f)-

Theorem B ([10]) Under the hypotheses of Theorem A, let p(z) #Z 0 be a
meromorphic function with finite order such that

2 ai1o - Qg_10
/
2 @11 .. Okg_11

<P(k_1) Q1 -1 - - Og—1k—1
h(2)

P(z) =
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is not a solution of (1.1), whereh #0 and o ; (1 =0,...,k—1; j=0,...,k—1)
are defined in Theorem A. If f(z) is an infinite order meromorphic solution of
(1.1) with p2(f) = p, then the differential polynomial (1.2) satisfies

Mgy —¢) = Mgs — ) =p(f) =
and
A2(gr — ) = Aalgr — @) = p2(f) = p.

Furthermore, if [ is a finite order meromorphic solution such that

p(f) > max {p(A), p(p), p(d;) (j =0,1,...,k)},

then

Mgy —») = Mgy — ) = p(f)-

In this paper, we continue to consider this subject and investigate the com-
plex oscillation theory of differential polynomials generated by meromorphic
solutions of differential equations in the complex plane. The main purpose of
this paper is to study the controllability of solutions of the differential equation

O 4 A () f*D o Ay (2) f + Ao(z) f = 0. (1.3)

In fact, we study the growth and oscillation of higher order differential poly-
nomial (1.2) with meromorphic coefficients generated by solutions of equation
(1.3). Before we state our results, we define the sequence of functions «; ;
(i=0,....,.k—1;=0,...,k—1) by

of 11— Ajag_1-1, foralli=1,... k—1
J— 1,7—1 J J , , , :
Qj { 046,1;1 — AoQk—1j-1, fori=0 (1.4)
and
a;o=d; —dyA;, fori=0,...,k—1. (1.5)
We define also h by
Q0,0 Qo - . Qg-1p0
Q1 @11 .. Okg_11

Qpk—1 O1 k-1 - - Qk—1 k-1

and ¥(z) by
"2 airo - - Qg—10

/
2 a1 .. Ok—11

k—1
<P( ) Q1k—1 -« Okp—1k—1

v(e) = G , (17)
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where h #0 and o, ; (¢ =0,...,k—1; j =0,...,k — 1) are defined in (1.4)
and (1.5), and ¢ # 0 is a meromorphic function with p(¢) < co. The following
theorems are the main results of this paper.

Theorem 1.1 Let A;(z) (i =0,1,...,k—1) be meromorphic functions of finite
order, and let d;j(z) (j =0,1,...,k) be finite order meromorphic functions that
are not all vanishing identically such that h £ 0. If f(2) is an infinite order
meromorphic solution of (1.3) with p2(f) = p, then the differential polynomial
(1.2) satisfies

plgr) = p(f) =00 and pa(gr) = p2(f) = p-

Furthermore, if [ is a finite order meromorphic solution such that

p(f) >max{p(4;) (i=0,....,k—1), p(d;) (=0,1,...,k)}, (1.8)

then
plgr) = p(f)-

Remark 1.2 In Theorem 1.1, if we do not have the condition h # 0, then the
conclusions of Theorem 1.1 can not hold. For example, if we take d; = diA;
(¢=0,...,k—1), then h = 0. It follows that gy = 0 and p(gs) = 0. So, if f(2)
is an infinite order meromorphic solution of (1.3), then p(gs) =0 < p(f) = oo,
and if f is a finite order meromorphic solution of (1.3) such that (1.8) holds,
then p(gf) = 0 < p(f). By the proof of Theorem 1.1, we can see that the
condition h # 0 is equivalent to the condition g, g}, g}’, e g;kfl) are linearly
independent over the field of meromorphic functions of finite order.

Theorem 1.2 Under the hypotheses of Theorem 1.1, let p(z) # 0 be a mero-
morphic function with finite order such that ¥(2) is not a solution of (1.3). If
f(2) is an infinite order meromorphic solution of (1.3) with pa(f) = p, then the
differential polynomial (1.2) satisfies

Mgy —¢) = Mgs — ) =p(f) =
and 3
Xa(gr — @) = Xa(gr — @) = p2(f) = p.

Furthermore, if f is a finite order meromorphic solution such that

p(.f) > max {p(Av) (Z = 07 ]-v e '7k - 1)v ,D(C,O),p(dj) (] = 07 ]-a e '7k)}7 (19)

then

Mgr —¢) = Mgy — ) = p(f)-

Remark 1.3 The present article may be understood as an extension and im-
provement of the recent article of the authors [10] from equation (1.1) to equa-
tion (1.3).
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Corollary 1.1 Let Ag, Ay, -, Ax—1 be entire functions satisfying p(Aop) = p
(0<p<oo), m(Ao) =7 (0< T <00), let p(Ai) < p, Tna(Ai) < T if p(Ai) =p
(t=1,...,k—=1), and let d;(z) (j =0,1,...,k) be finite order entire functions
that are not all vanishing identically such that h # 0. If f is a nontrivial solution
of (1.3), then the differential polynomial (1.2) satisfies

plgr) = p(f) =00 and pa(gr) = p2(f) = p(Ao).

Corollary 1.2 Under the hypotheses of Corollary 1.1, let ¢(z) # 0 be an entire
function with finite order such that ¢ (z) #Z 0. Then the differential polynomial
(1.2) satisfies _

Mgy —¢) = XMgr —¢) =p(f) =00

and
Aa(gr — ) = Aalgr — @) = p2(f) = p(Ao).

Corollary 1.3 ([10]) Let A(z) be a nonconstant polynomial, and let d;(z) (j =
0,1,...,k) be nonconstant polynomials that are not all vanishing identically
such that h #Z 0. If f is a nontrivial solution of (1.1), then the differential
polynomial (1.2) satisfies

plgr) = p(f) = %,C)Jrk-

Corollary 1.4 ([10]) Let A(z) be a transcendental meromorphic function of
finite order p(A) > 0 such that

§(00, A) = lim inf m(r, 4)

imnf o =8> 0.

Suppose, moreover, that either:

(i) all poles of f are uniformly bounded multiplicity or that

(i) 6(oc0, f) > 0.

Letd;(z) (j =0,1,...,k) be finite order meromorphic functions that are not
all vanishing identically such that h #Z 0. If f # 0 is a meromorphic solution
of (1.1), then the differential polynomial (1.2) satisfies p(gs) = p(f) = oo and
p2(97) = p2(f) = p(A).

Corollary 1.5 ([10]) Under the hypotheses of Corollary 1.4, let p(z) £ 0 be a
meromorphic function with finite order such that ¢(z) £ 0. Then the differential
polynomial (1.2) satisfies

Mgy —¢) = Mgs — ) =p(f) =

and

A2(gr — ) = Xalgy — @) = p2(f) = p(A).

In the following we give two applications of the above results without the
additional conditions h % 0 and 1 is not a solution of (1.3).
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Corollary 1.6 Let A(z) and B(z) be entire functions such that p(B) = p
0<p<o0),7(B)=7(0<7< ), let p(Ad) < p(B) and 7(A) < 7(B)
if p(A) = p(B), and let d;j(z) (j = 0,1,2) be finite order entire functions that
are not all vanishing identically such that

max {p(d;): j = 0,1,2} < p(A).
If f #£0 is a solution of the differential equation
f"+A()f + B(2)f =0, (1.10)
then the differential polynomial
g =dof" +dif' +dof
satisfies p(gy) = p(f) = 0o and p2(gy) = p2(f) = p(B).

Corollary 1.7 Under the hypotheses of Corollary 1.6, let ¢(z) #Z 0 be an entire
function with finite order. Then the differential polynomial

gr=dof" +dif +dof

satisfies

Mgy —¢) = Mgs — ) =p(f) =

and

A2(gr — ) = Xa(gr — ) = p2(f) = p(B).

2 Preliminary lemmas

Lemma 2.1 ([1, 4]) Let Ay, A1,...,Ap—1, F # 0 be finite order meromorphic
functions.

(i) If f is a meromorphic solution of the equation
FO 4 A B L A+ Agf=F (2.1)

with p(f) = +oo, then f satisfies

Af) = AMf) = p(f) = +oo.

(i) If f is a meromorphic solution of equation (2.1) with p(f) = +oo and
p2(f) = p; then

) = A) = p(f) = +00,  Xa(f) = Xa(f) = p2(f) = p.

Here, we give a special case of the result given by T. B. Cao, Z. X. Chen,
X. M. Zheng and J. Tu in [2]:
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Lemma 2.2 Let Ag, Ay,...,Ap_1, F #Z 0 be finite order meromorphic func-
tions. If f is a meromorphic solution of equation (2.1) with

max {p(4;) (j =0,1,...,k = 1), p(F)} < p(f),

then

Lemma 2.3 ([11]) Let f and g be meromorphic functions such that 0 < p(f),
p(g) < o0 and 0 < 7(f), 7(g) < co. Then we have

(i) If p(f) > p(g), then we obtain

T(f +9) =7(f9) = 7(f).

(i) If p(f) = p(g) and 7(f) # 7(g), then we get
p(f +g)=p(fg) = p(f) = plg)-

Lemma 2.4 ([7]) Let f be a meromorphic function and let k € N. Then

m ( #) — S(r 1),

where S(r, f) = O(logT(r, ) + logr), possibly outside a set 1 C [0,00) of a
finite linear measure. If f is a finite order of growth, then

m (n ?) = O(logr).

Lemma 2.5 ([14]) Let Ao, A1, ..., Ax—1 be entire functions satisfying p(Ap) =
p(0<p<oo), Tm(Ag) =7 (0 <7 < ), and let p(A;) < p, Tm(4;) < T
if p(A ) (] =1,...,k —1). Then every solution f # 0 of (1.3) satisfies
p(f) = p2(f) = p(Ao).

In the following, we give a special case of the result given by T. B. Cao, J. F.
Xu and Z. X. Chen in [3]. This result is a similar result to Lemma 2.5 for entire
solutions f when the order and the type of the coefficients of (1.10) are defined
by the Nevanlinna characteristic function T'(r, f).

Lemma 2.6 Let A(z) and B(z) be entire functions such that p(B) = p (0 <
p <), 7(B) =7 (0 <7 < o0), and let p(A) < p(B) and 7(4) < 7(B) if
p(A) = p(B). If f £ 0 is a solution of (1.10), then p(f) = oo and p2(f) = p(B).
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3 Proof of the Theorems and the Corollaries

Proof of Theorem 1.1 Suppose that f is an infinite order meromorphic
solution of (1.3) with p2(f) = p. We can rewrite (1.3) as

k—1 4
==Y Aif® (3.1)
i=0
which implies
k—1 A
g = dief® +dp fE b b dif dof =) (di — dp A D (3.2)
i=0
We can rewrite (3.2) as
k—1
gf = Zai,of(i)» (3.3)
=0

where o ¢ are defined in (1.5). Differentiating both sides of equation (3.3) and
replacing f*) with f*) = — Zf;ol A; f | we obtain

k-1 k—1 k
g} = Z @0 f(l + Z Q@ Of(“rl Za;of(i) + Zaiﬂ}of(i)
i=0 i=0 i=0 i=1

k-1 k-1
= 046,0f + Z aé,of“) + Z ai—l,Of(i) + Oék—1,of(k)

i=1 i=1
*%of*Z%of( Jrzoéz 1.0f¢ )*Zak 104 fD
k-1 -
= (a0 — k- 10A0f+z af o+ i1 — ar—1,04;) fO. (3.4)
i=1
We can rewrite (3.4) as )
-1
gy = airf? (3.5)
=0

where

;1 = (36)

)

04270"'051'71,0_0%71,0‘41'7 for all i = 1,...716—].,
05670 — Aooék_Lo, for i = 0.

Differentiating both sides of equation (3.5) and replacing f®*) with f*) =
- Zf;ol Aif(i)7 we obtain

k—1 k—1 k—1 k
gf = Z aj 9+ Z i fOT = Z a9+ Z a1 f?
=0 =0 =0 i=1
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k-1 k-1
=ag.f+ Za;lf”) + Zaiq,lf(i) +ap_11f®
i=1 i=1

k1 k-1 k1
=ap.f+ Za;lf(i) + Z a1 fO - ZAiak—l,lf(i)
i=1 i=1 =0

k-1
= (afm - Oék—1,1A0) f+ Z (Oég,l + o101 — Aiak—l,l) f@ (3.7)
i=1
which implies that
k—1
9}/ = Zai,Qf(i)v (3.8)
i=0
where
o 05214»041‘_171 7Aiak_171, for au’L‘:].,...,k*l,
@iz = { @y — Aouk—11, for i = 0. (3.9)
By using the same method as above we can easily deduce that
k-l
g9 =30 j=01,. k-1, (3.10)
i=0
where
o iy Adoy_qi-1— Ajo_15-1, foralli=1,....k—1
P 3,j—1 =1, ? J— 1 ) ) )
Oézy {aé,j—l _ AOakfl,jfla fOI' i — O (311)
and
ai,O:difdk,Ai; for alli:O,l,...,kfl. (312)
By (3.3)—(3.12) we obtain the system of equations
gy =apof +aiof + - +ap_10f*Y,
g =aoaf +araf 4+ Far11 fEY,
gf = aoaf +araf + -+ ap_1fF7Y, (3.13)
g§ck_1) =aop1f+arpaf + o Foap_1p 1 fEY.
By Cramer’s rule, and since h # 0, then we have
gf a1o0 .. Qp—10
9} Q11 .. Q-1
g(k;l) Qa1,k—1 Qp—1,k—1
f= = . (3.14)

h
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It follows that
f=Cogs +Crgy+---+ Ckflg}kil)a (3.15)
where C; are finite order meromorphic functions depending on o ;, where a; ;
are defined in (3.11) and (3.12).
If p(gs) < +00, then by (3.15) we obtain p(f) < 400, which is a contradic-
tion. Hence p(gs) = p(f) = +o0.
Now, we prove that pa(gs) = p2(f) = p. By (3.2), we get p2(gy) < p2(f)

and by (3.15) we have pa(f) < p2(gy). This yield pa(gs) = p2(f) = p-
Furthermore, if f is a finite order meromorphic solution of equation (1.3)

such that
p(f) > max{p(4;),p(d;):i=0,....,k—1,j=0,1,...,k}, (3.16)
then
p(f) >max{p(a;;):i=0,....,k—1,7=0,...,k—1}. (3.17)

By (3.2) and (3.16) we have p( 7)
p(g5) < p(f), then by (3.15) and (3.

p(f) <max{p(Cj) (j =0,....k—1), p(gs)} < p(f)

which is a contradiction. Hence p(gr) = p(f).

< o(f). Now, we prove p(gs) = p(f). It
17) we get

Proof of Theorem 1.2 Suppose that f is an infinite order meromorphic
solution of equation (1.3) with pa(f) = p. Set w(z) = g5 — ¢. Since p(p) < oo,
then by Theorem 1.1 we have p(w) = p(gy) = oo and pa(w) = pa2(gs) = p. To
prove A(gs — ) = Mgz — %) = 00 and Xa(g7 — 9) = Aa(gy — ) = p we need to
prove A(w) = A(w) = oo and Ag(w) = Aa(w) = p. By gy = w+ ¢, and using
(3.15), we get

f=Cow+ Cra’ + - 4 Cp_1w* ™Y 4 ap(2), (3.18)

where
W(z) = Cop+ Cr! + -+ -+ Cor o1

Substituting (3.18) into (1.3), we obtain

2k—2
Croqw® D 1+ 37 g = — () + A1 ()00 4o+ Ao(2)w) = H,
j=0
where ¢; (j =0,...,2k —2) are meromorphic functions with finite order. Since

1(z) is not a solution of (1.3), it follows that H # 0. Then by Lemma 2.1, we
obtain A(w) = A(w) = oo and Aa(w) = A2 (w) = p, i.e., AN(gr —¢) = A(gs — ) =
oo and Aa2(gr — ) = Aa(gf — @) = p-

Suppose that f is a finite order meromorphic solution of equation (1.3) such
that (1.9) holds. Set w(z) = gy — ¢. Since p(¢) < p(f), then by Theorem 1.1
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p(f)- To prove A(gs — ¢) = gy — ¢) = p(f) we need
p(f). Using the same reasoning as above, we get

we have p(w) = p(gy)
to prove A(w) = A(w)

2k—2
Cro1w* 1 4 3" gl = — (w““) + A ()Y g Ao(z)z/)) =H,

=0

where ¢; (j =0,...,2k—2) are meromorphic functions with finite order p(¢;) <
p(f) (7 =0,...,2k—2) and

P(2) = Cop+ Crp’ + -+ Crrp® D p(H) < p(f).

Since ¢(z) is not a solution of (1.3), it follows that H # 0. Then by Lemma
2.2, we obtain A(w) = A(w) = p(f), i.e., Ags — ¢) = Mgy — ¢) = p(f)-

Proof of Corollary 1.1 Suppose f # 0 is a solution of (1.3). Then by Lemma
2.5, we have p(f) = oo and pa(f) = p(Ap). Thus, by Theorem 1.1 we obtain
plgs) = p(f) = oo and pa(gs) = p2(f) = p(Ao).

Proof of Corollary 1.2 Suppose f Z 0 is a solution of (1.3). Then by Lemma
2.5, we have p(f) = oo and pa2(f) = p(Ap). Since p(z) # 0 is entire function

with finite order such that ¢(z) # 0, then p(¢)) < oo and 1 is not a solution of
(1.3). Thus, by Theorem 1.2 we obtain A(gs — ¢) = A(gs — ) = p(f) = oo and

295 — @) = Xalgr — @) = pa(f) = p(Ag).

Proof of Corollary 1.6 Suppose that f is a nontrivial solution of (1.10).
Then by Lemma 2.6, we have

p(f) =00, pa(f) = p(B).

On the other hand, we have

gy =daf" +dif' +dof. (3.19)
It follows that
gr = aoof +aiof’, -
{9}=a0,1f+a171f’_ (3.20)
By (1.5) we obtain
R di —ds A, fori=1,
ao= { dy — daB, fori=0. (3.21)
NOW, by (1.4) we get
Qi1 = O/LO + 061}0 - Aal,O, fOI‘ 1= 1’
" O/Ovo - Bal,()v fOI‘ Z = O
Hence
001 = BA - (BB) — diB + (322)
ay = dpA? = (dpA) — diA — 3B+ do + '
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and

h = —d3B® — dydy A> + (—dady + ddy + 2dods — d3) B
+ (dydy — dod)y + dody) A+ dyda AB — dyda B’ + doda A’
+d3B'A — d3BA' + dydy — dod) — d3.
By dy # 0, B # 0 and Lemma 2.3 we have p(h) = p(B) > 0. Hence h # 0. Now

suppose do =0, d; Z 0 or do =0,d; =0 and dy # 0. Then, by using a similar
reasoning as above we get h # 0. By h # 0 and (3.20), we obtain

041,09} —o1.19f
h .

By (3.19) we have p(gr) < p(f) (p2(g7) < p2(f)) and by (3.23) we have p(f) <
p(gr) (p2(f) < pa2(gy)). Then p(gs) = p(f) = oo and pa(g5) = p2(f) = p(B).

Proof of Corollary 1.7 Set w(z) = dof”+d1f'+dof—p. Then, by p(¢) < oo,
we have p(w) = p(gy) = p(f) = oo and pa(w) = p2(gs) = p2(f) = p(B). To
prove A(gy — @) = A(gr —¢) = o0 and Xa(gy — ) = Aa(g7 — ¢) = p(B) we need
to prove A(w) = Aw) = 0o and Az(w) = A2(w) = p(B). Using g5 = w + ¢, we
get from (3.23)

f= (3.23)

O[l’o’w/ — Q11w

f= h

+ 1, (3.24)

where ,
Q109 — 119

y(z) = 0P 1 (3.25)
Substituting (3.24) into equation (1.10), we obtain

%w”’ + dow” + g1’ + gow = — (P + A(2)Y' + B(2)y) = C,  (3.26)

where ¢; (j = 0,1,2) are meromorphic functions with p(¢;) < oo (j =0,1,2).
First, we prove that ¢ #Z 0. Suppose that ) = 0. Then by (3.25) we obtain

/

o1 = 051,02- (3.27)
®

Hence, by Lemma 2.4
m(r,a11) <m(r,aq,0) + O(logr). (3.28)

(i) If do # 0, then we obtain the contradiction p(B) < p(A).
(ii) If do = 0 and dy # 0, then we obtain the contradiction p(A) < p(dy).
(iii) If do = d; =0 and dy # 0, then we have by (3.27)

which is a contradiction.
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It is clear now that 1) # 0 can not be a solution of (1.10) because p(1)) < oc.
Hence C' # 0. By Lemma 2.1, we obtain A(w) = A(w) = oo and \(w) =
Ao(w) = p(B), i.e., A(gr — @) = Mgy — ) = 0o and Aa(g7 — @) = Aa(gy — ) =
p(B).
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