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Volterra's function is defined as follows [1,2]

1% /3 ) = ! tr du /3 -1 d 0 1
t t
( b ) ) r(]. /6) A r( 1) 9 > an > R ( )

whose particular cases are

a=p=0: v(t) = p(t,0,0),
a#%0,8=0: v(t,a) = u(t,0, ),
a:()’/B?éO: M(t7 /,L(t,/B,O).

The Laplace transform of the Volterra's function u(t, 5, «) is given by

1
g s (2)

Llu(t, B, a); s] =
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Volterra integral equation with logarithmic kernel

V.Volterra (1916) [3], Garrapa-Mainardi (2016) [4]

/ot u(r)log(t — 7)dT = f(t), f(0)=0 (3)
f(t)=t = u(t)=—v(te ) (4)

Ramanujan identity, Hardy (1940), Twelve lectures on subjects suggested
by his life and work,Cambridge University Press, Cambridge, England, New

York.
R /oo e—rt d (5)
t = e — _—_—
v(t) 0 r(|0g2r+7r2) 4

e 1
_dr=1 6
/0 r(log? r + m2) ' (©)
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enp(Ait) = tﬁilEg,ﬂ(_)‘ta)v (7)

7 () = - (’Y)rzr
Eo‘”B( )= ; ril (B + ar) (8)
jt: aﬁ(A t) = eaﬁ 2(Ar ) (9)
i) = [ ey (i) (10)

Volterra-Prabhakar function.

e 7 =0 and/or A = 0 reduces to v(t, p).

Bl =€

e —— €0 kn (At), keN

(k=1)n
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For t > 0, a > 0, and p € R we have

/ Ce Tyt — €, p)de = T(a) v(tar + p) (11)

/ Cen (e — € —a)de = [(a) ().

For t >0, € (0,1), vy € R, and p € R we get

/u(t—sp)

Z ﬂ(’Y)n v(t,an+p) = /Ooo €autpr1(tiA)du  (13)

v(t,an+p), (12)
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Convolution properties

Sa'yfpfl

L [ezwj()\; t);s] = (o7 \)logs =1L [egyp()\; t)xv(t);s|. (14)

L [egyp()\; t); s] L [,u(t,ﬁ —l,a—1);s]=1L [e;”p()\; t)] ;s] Lu(t,B,a);s],
e pNt)xp(t, B —1,a—1)=el ,(A\it)xpu(t, B, a).

(e o0 t)is] L6y Nit)is] = L[ ()] Lv(e)is].

convolution semigroup property

oAty el L (At) = l+;j+p (X t) % v(t).

€ p(Nt)x e, (A t) = pu(t, 1,1).
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Integral representations

€Y

1 [t sAV=P et
0= 0= o [ e = 2 11,0
C

27 S ine (s*+1)rslogs 27

£y (t)_l/ eStLds—L[KV (r)'t]
OPYT o Jy T (s 4+ 1)7slogs A

e 1. ror—p gim(ay—p)
ayp(r) - —;\y (raeiwa + 1)7(reiﬂ') |og(rei7r)

. (15)
roy—p—1 eim(ay—p-1)
=— N .
7r (ree'm + 1)7(im 4 log r)

_ r*7 P (Inr)sin[r(ay = p) — Y8a(r)] — 7 cos[r(ay — p) — nyQ(r)]'

7T [r2o 4+ 2r cos(mar) + 1]/2(72 + log? r)
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Integral representations

et o) i
D)= o - /O R (1), (16)
Kap(r) = =Ko p(r): (17)

0o 1
Y —
/0 Ky p(r)dr = ik

=0 (t)=ef - 1 /00 e~ (log r)sin(mp) +27T cos(mp) dr.
7 mJo rPtt 72 + log® r

r=1.

/oo lr”*l (Inr)sin(mp) + 7 cos(mp) d
0 T 72+ log? r

oo ,—rt
0 ; e 1
v(t) =€ o(t) = e" — —_—————dr.
( ) a,O( ) /0 r 7T2+|Og2r

>*1 1
[ —
o rm2+log”r
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Complete monotonicity

Let v > 0. The following assertions hold true:

(a) €dp(t) — & is CM on (0,00) for a € (0,1/2] and ay — p = 2k,
k € Z;

(b) €d.ary(t) — % is CM on (0, o) for « € (0,1/2];

(c) €lo(t) — & is CM on (0,1) for a € (1/2,1].

The following assertions hold true:

(a) The function ef — v(t, p) is CM and log-convex on (0, ), for
p < [0,1/2];

(b) The function e' — v(t) is CM and log-convex on (0, c0).
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Further generalizations

El,ﬁ,p()\; t) = / uﬂeg7u+p+1()\; t)du,

0

In particular, €], o (A t) = €, p(Ai t).

For t >0, o, 8 >0, A,y € R we have

(a)
/t/'[/(t_§757 )
0

o
el’ B, a+,8 Z

n=0

(b)

YV)n it B, an + o+ B).

Y)n 1(t, B, an + o+ B),

v,
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The Laplace transform of ), 5. p(Ait) for B> 0 reads

Sa'y—p—l
(s +A)7 (log s)1 47"

L) 5. ,(Nit);s] =T(1+B)
Furthermore, the following convolution relation holds true,

€. 5. oM 1) = el (A t) x u(t, 8,0).

Fora>0,0<f<1,0<s<~vy<1-—p, p€R the Mellin transform
of €] 5. p(t) is given by

Mle;, 5, ,(t):s]

—afr = s s
[sm(Trﬁ ) (1 Z ( ) pjv— k= p—ot )
=0
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Langeven equation

(1) + /Ot’y(t L O(E)AE = £(8), x(t) = v(e). (18)

1 -
t
t)=(kgT)™' | ———=dA 19
(0= (kT [ s (19)
Here the friction memory kernel is assumed to satisfy
Jim (t) = lim s3(s) =0, (20)
where 4(s) = L{~(t);s}.
1 5—1
= 21
(e) = (ke ) S (1)
lim s3(s) = (kg 7)Y lim 5~ —0 (22)
s—0 B s—0 logs
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Tauberian Theorems

If the Laplace transform pair F(s) of the function r(t) behaves like
P(s)~sPL(s7Y), s—0 p>0, (23)

where L(t) is a slowly varying function at infinity, then r(t) has the
following asymptotic behavior

H(t) ~ r(lp)tplL(t), F o 00, (24)

A slowly varying function at infinity means that

. L(at)
Jim Ty =1 a0 (25)

The Tauberian theorem works also for the opposite asymptotic, i.e., for
t — 0.
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Langeven equation

x(t) = (x(t)) + /ot G(t — te(t)dt (26)

1 1
s2+59(s) 2+ (kg T) !

G(s) =

Iog s

1 . )k
_ _ T~ \n N =7
Zn_o( kBT) p 0< >5”+k+2 log" s

G(t) = t+ n}_:l(—kBlT)" k; <Z> (—1)fu(tn—1n+k+1)  (27)

p(o) = 2kaT [ ' 6(e)de (28)
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Langeven equation

Anomalos diffusion:
(x°(t)) ~t* (0 < a < 1) (29)
Ultraslow diffusion:
<x2(t)> ~ log” t (30)
v = 4: Sinai diffusion model (1982).

2 o

2> () S (D)

(x*(t)) =2k T

n= (31)
xu(t,n—l,n—l—k—i—Z)},
which in the long time limit becomes
(2(1)) =2 (ka TP+ log t + €' Ex(1)] )
~2 (kg T)?(7 + log t).
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Langeven equation

(33)

-t 1 1
I(t) = L1 s it =11 = ——it
(kB T) Iogs s71+ (kB T) 52 log s

~ L1 {513(1 — (kBT)—li); t}

s2logs

= & — (ke T)'u(t,0,3) + (ke T) " 'u(t,0,4), t — oo.

Zivorad Tomovski (UCLA) Volterra-Prabhakar function 26 September 2023, Olomouc 17 /25



Generalized Langeven equation

x(t) + /Oty(t — tx(¢)dt' + dved _ £(t), x(t) = v(t). (34)

dx
The second fluctuation-dissipation theorem (FDT) is then valid in a
thermal bath of temperature T, where fluctuations and dissipation come
from the same source. The FDT relates the friction memory kernel ~y(t)
with the correlation function £(t) of the random force. The FDT allows
one to write

(E(t + )E(E)) = C(t) = ke TH(2). (35)
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LE with power-logarithmic distributed order noises

! log* ! ¢ T s—1
t)=(ksT)* | T(3/2—-A dx with (4(s) = —=
A0 = e [ r2-NPE o with (36) = (T ).
(36)
which satisfies the condition (20). The relaxation function /(t) defined by
1 s
I(t)=L" . it (37)
r  s(s—1)
s?+ kg T \/slogs +w?
For s <« 1,
A st 1
I(s) ~ W21 a9
kg Tw? \/slogs
1 T 1 T 4/s

~— |1 —
w2 +kBTw2ﬁlogs kgTw?logs |’
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LE with power-logarithmic distributed order noises

For s — 0,
f(s) ~ % [1+ kB;Mﬁllogs] . (38)
() ~ ; [1+ paire: (,—1/2)]. (39)
For t — oo, kT 2
(3(8) = =B + (e, ~1/2).

Note that for w =0 and t — oo we get

st 4(/(3 )
el i 5 Vitlogt.
s+ kBT Vslogs

(x?(t)) = 2kg TL™!

Zivorad Tomovski (UCLA) Volterra-Prabhakar function 26 September 2023, Olomouc 20 /25



LE with distributed-order Mittag-Leffler function

1 o s+1
v(t)—kBlT (e () ar (%)— 1 Lg% ) (40)

kgT slogs
which satisfies the condition (20).

-1 1 1 1 log2
()= L7 wm T Y
52+ﬁ'°lg 2 42 w s kgTw?slogs
B ogs
1 log 2
= —[1- t)| . 41
w2|: kBTw2V( ):| ( )

In the force-free case with w = 0 we observe ultraslow diffusion, since the
relaxation function /(t) has a logarithmic time dependence,

kg T log £ kg T
I(t) ~ B L_l{ogs;t} IoBg logt = kg T log, t. (42)

log 2 s
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LE with distributed-order Volterra function

1t 1 s—1
= — v(t,—a)da and AHi(s) = ——= ,

For the GLE for the stochastic harmonic oscillator (w # 0) the long time
limit (t — oo) of the relaxation function /1(t) yields in the form

st 1 u(t, 1)
h(t)=L""! it~ — |1 7. 44
(1) {52+I<BIT sl 4 w2’ } w? [ * kBTwz] (44)

log® s

7(t) (43)

In the force-free case (w = 0) we obtain ([5], Eq.45)

s1 log? s
ht)y=L' — "t~ kgTL? { ;t}
Pt BTigs s(s—1)

= kg T[ — (C? +72/6)et + 2tet o} Y (<1,3,1) — 2(C + log t)e’ E1(t)

— (2C + log t)(e* + 1)(log t) — C? —|—7r2/6]. (45)
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LE with distributed-order Volterra function

1 1 N 1 (logs) —1
72(t) - kBiT 0 :U’(t7 _/B)d/B and 72(5) - kBTs(Iogs)(Ioglogs)'
(46)
Here we consider only the force-free case, i.e., w = 0. In that case we find
the asumptotic of /(t) at long times. Using that loglog s is a slowly
varying function, by Tauberian theorems we find that

h(t) = kg TL™! {('Og s)(loglog ), t} — kg TL ! {'Og'ogs); t}

s(logs — 1) s(1— @

1 1 1
~ kg TL™! {sloglog pe= t} ~ kg T log log e (47)
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