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Abstrakt

V nasledujicim textu jsou stru¢né uvedeny problémy souvisejici s hleda-
nim hodného vypoctového modelu, ktery by odpovidal pasivnimu kotevnim
systému tvorenému interaktivni soustavou pruznych téles ve vzajemném
kontaktu se tfenim. K numerické realizaci je uzito SW systému ANSYS,
ktery k diskretizaci pouziva metodu koneénych prvki.

Pri ponechani odpovidajicich stupnu volnosti je vyslednd matice tu-
hosti semikoercivni. Je proto nutno zajistit podminky feSitelnosti. Vy-
brané aspekty této problematky ilustrujeme na vzorovych numerickych
prikladech pro zjednoduseny vypoctovy model. Chovani na hranici téles je
aproxinmovano ruznym typem okrajovych podminek a celkova efektivnost
navrzeného modelu je testovana linearni i nelinearni teorii matematické
pruznosti. Ulohy jsou formulovany jako varia¢ni nerovnice druhého druhu
pro jednostranny Signoriniho problém s Coulombovskym t¥enim.

“Piedlozené prace byla realizovéna v ramci vjzkumného zaméru katedry MAaAM PiF UP
Olomouc, ¢. J14/98: 1531 000 11.
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1 Uvod

Jako vychozi situaci uvedme problém, ktery nazyvame problémem nestabilnosti
stropt a ke kterému napriklad dochazi pri stavbé tuneld ¢i chodeb v dolech.
Otazkou zustava jak stropy efektivné vyztuzit a zabranit tak nezadoucimu sesuvu.
Jedno z moznych feseni je ,,ukotveni“ pomoci tzv. pasivniho systemu kotev.

Prakticky to znamend, Ze se do horniny tvofici strop navrtaji kotvy (dlouhé ko-
vové tyce s pomérem % napiiklad %0, %, atp.) Okolo kazdé kotvy je vrstva
vyplné (v piikladech uzivime materidlovych konstant epoxidu) o tloustce odpo-
vidajici zhruba poloméru kotvy. Vsechna tfi télesa (hornina, vypln i kotva) jsou
ve vzajemném kontaktu. Vznikajici treni na konaktnich plochach brani uvolnéni
kotvy, ktera jinak neni nijak uchycena. Vypli mez kotvou a horninou toto treni
jesté zvétsuje.

Navrzeny systém kotev by mél vytvaret ,dostatecné velké“ tfeni na ,primérené
velkych® kontaktnich plochach, aby dostatecné zpevnil nestabilni strop. Pti do-
stateCném treni se totiz na kotvy prenasi tahova napéti zpiisobujici poruseni
materialu a pripadné i zhrouceni stropu.

Ukolem je tedy nalézt vypoc¢tovy model popsané interaktivni soustavy téles,
ktery by vyhovujicim zptisobem modeloval chovani pasivniho systému vyztuze.
Jako prvni krok pti hledani tohoto modelu jsme zvolili numerické experimenty
s navrzenymi velmi zjednodusenymi variantami, které reprezentuji nékteré aspekty
lokalniho modelu vyztuze s jedinou kotvou (,single bolt model), viz kapitola 2 na
strané 6. V nasledujici ¢asti 3 na strané 7 popisujeme varianty zjednoduseného
vypoctového modelu a v posledni ¢asti 4, strana 20, uvadime vysledky provede-
nych experimentu.

4 N
hranice efektivniho
okoli

efektivni
okoli
kotvy

chodba

Obréazek 1. 2D prurez popisujici lokalni model vyztuze s jedinou kotvou.
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2 Zjednoduseni cilového modelu

Nejprve uvedme schématicky nakres (2D prifez), ktery popisuje lokalni model
vyztuze s jedinou kotvou.

Jak jsme se jiz v ivodu zminili, numerické experimenty jsme provadéli s vypo-
¢tovymi modely (déle jen modely), jimiz jsme situaci z obrazku 1 aproximovali.
Uvazovali jsme oblasti reprezentujici fezy jednolivymi télesy tak, aby mély jedno-
duchou geometrii. Proto jsme do aproximujicich model nezahrnuli svrchni cast
efektivniho okoli, tj. ¢ast nad myslenym horizontalnim predélem prochéazejicim
hornim ukoncenim kotvy. Navic jsme zbyvajici ¢ast efektivniho okoli zjednodusili
na téleso s obdélnikovym prifezem. Dalsi zjednoduseni vyplynou z predepiso-
vanych okrajovych podminek a predpokladii uvedenych v nasledujici kapitole
(kapitola 3, strana 7).

| |
| |
| |
| |
jednoduché : jednoduché :
efektivni | I efektivni |
okoli okoli |
« Q!h) - qe
oblast | oblast I
O ! (18] !
| |
| |
| |
|
(a) zjednoduseny model (b) model kotvy

Obrazek 2. vypoctové modely

7 obrazku 2. je ziejmé, ze vzhledem ke zjednodusenim, ktera jsou do vypoc-
tovych modelu (déle jen modelii) zahrnuta, budou provedené numerické experi-
menty sledovat pouze nékteré aspekty chovani cilového numerického modelu.

P1i hledani vyhovujiciho modelu, ktery by dostatecné presné aproximoval lo-
kalni model z obrazku 1., dojdeme hned k nékolika ,otevienym*“ problémutm.
Napriklad nezname

e velikost ,efektivniho okoli“ kotvy, tj. oblasti, jejiz pole napéti a deformace
je tvarem kotvy vyznamné ovlivnéno. Tento problém zde nefeSime, pouze
jej ¢astecné aproximujeme skalou prikladu s riznygm pomérem velikosti jed-
notlivych téles;

e chovani na hranici téles, presnéji feCeno mluvime o hranici efektivniho okoli
kotvy a okolniho prostiedi. Aproximaci tohoto chovani zachycujeme volbou
ruznych typi okrajovych podminek.
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Chovéani navrzeného modelu je formulovano a nasledné vypocitano pomoci
e [linedrni i nelinearni matematickée teorie pruznosti.

Nakonec uvedme, ze pii diskretizaci spojitého modelu etodou koneénych prvki
pouzivame

e hrubsi a jemnéjsi diskretizacnd sit.

P1i zkoumani jsme se v tomto prispévku zamérili predevsim na zjednodusSeny
model uvedeny na obrazku 2.(a) a pro néj uvedeme i tabulkovy ptrehled vysledkii.

Vypoctové modely jednotlivych tloh jsou sestaveny a feseny pomoci komerc-
niho SW systému ANSYS, ktery byl na katedie MAaAM k dispozici v univerzitni
verzi (University high option RELEASE 6.1). SW ANSYS pii diskretizaci uziva
metodu konecnych prvki.

Pro model se tfemi oblastmi z obrazku 2.(b), ktery jsme nazvali modelem kotvy,
nebudeme formulovat spojité tlohy, pouze uvedeme graficka feseni pro jednotlivé
typy okrajovych podminek, viz kapitola 4.3.

3 Resené ulohy

Jak jsme se v predchozi ¢asti zminili, nabizi se n€kolik moznych variant volby
vstupnich dat ¢i zpisobu formulace tlohy, které mohou pti vypoctu ovlivnit vy-
slednou funkénost ukotveni, tedy schopnost systému dostatecné vyztuzit danou
oblast v horniné, aby pomoci tfeni na kontaktnich plochach zabranil zhrouceni
stropu.

Numerické experimenty jsme provadeéli hlavné se zjednodusenym modelem z ob-
razku 2. (a) a proto se veskeré dalsi predpoklady a formulace budou vztahovat
k tomuto modelu (bez vyplné).

3.1 Predpoklady spoleéné vSem vypoctovym modeltim

Systém je tvofen dvéma (pfipadné tfemi) pruznymi télesy ve vzajemném kon-
taktu. Jestlize kotvé (pfipadné vyplni) ponechdme nékteré stupné volnosti, bude
model semikoercivni. Proto musime formulovat podminky feSitelnosti. Zvolili
jsme tedy parametrickou tfidu modeli, na které jsme zkoumali vliv zmény vybra-
nych parametri. Ttida je urcena skupinou predpokladii uvedenych v nasledujicim
vyctu. Jednotlivé parametry jsou popsané v oddilu 3.2 a odpovidaji vybéru typu
geometrie, okrajové podminky na zvolené ¢asti hranice, hodnoty soucinitele smy-
kového treni, metody pro spojitou formulaci a hustoty diskretizace.

I. Pro jednoduchost predpokladejme, Ze vSechna télesa jsou homogenni a izot-
ropickad. Materidlové koeficienty odpovidajici jednotlivym télestim tedy bu-
dou konstantni.
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II. Formulujme spojitou tlohu jako problém rovinné deformace, ktery vychézi
z nasledujicich piedpokladii®.

1. Necht je v souradném systému {0, iy, iy, i3} ddn nekonecné dlouhy vélec
s osou rovnobéznou se smérem iz a s konstantnim rezem vedenym
rovinou kolmou k ose i3. Reprezentujme 3D téleso timto valcem a jeho
fez obecné oznacme jako oblast

Q0 cR?.

2. Necht nésledujici veli¢iny nezéavisi na tfeti proménné:
— vektor objemovych sil, tj. F = F(xq, z2),
— a vektor povrchovych napéti, T = T (z1, x9).

Ve vyctu by nasledovaly materidlové koeficienty a pocatecni posunuti,
A= Nxy,z2), p = p(ry,22) a ug = ug(zy,x2). Tyto veli¢iny uvé-
dime jen pro uplnost, protoze pocatecni posunuti nebudeme nadéale
v ,nasem modelu“ potfebovat a protoze A a pu budou konstantami
diky predpokladu v I. odstavci.

3. Dale predpokladame, Ze veskerd zatizeni puisobi v roviné oblasti €.
Pro vektory objemovych i povrchovych sil F a T tedy plati, ze

F3:0aT3:0.

Na zakladé vyse uvedenych predpokladii mizeme i o hledaném vektoru
posunuti u tvrdit, Ze u; 3 = us3 = uz = 0. Tedy pro ostatni slozky
vektoru posunuti plati, ze

w; = u;(w1,x2) pro i=1,2.

Potom i slozky tenzoru deformaci s alespon jednim indexem odpovi-
dajicim treti proménné jsou nulové, tj. es3 = e13 = eg3 = 0. Odtud
nazev rovinna deformace.

III. Jako zatizeni uvazujme tihovou silu F = —g - p - iy odpovidajici tithovému
zrychleni g = 9.81"/,2 a hustoté p zvoleného materialu. Protoze jsme v II.
c¢asti prevedli 3D tlohu na 2D, bude tihova sila F ptisobit ve sméru —i,.

IV. Okrajové podminky spoleéné pro vSsechny modelové tlohy odpovidaji na-
sledujicimu oznaceni jednotlivych ¢asti hranice.

1Viz natiklad [Necas, Hlavadek, strana 149 az 177].
’Nasim zéamérem je zkoumat vliv pomérti velikosti fezti jednotlivymi télesy, viz déle v ka-
pitole 3.2.1 na strané 9. Proto vychazime z predpoklad rovinné deformace, ackoli tim silné

.....

popséan jako problém rotacni symetrie.
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Obréazek 3. oznaceni ¢asti hranice pro zjednoduseny vypoctovy
model

Na hranicich 9Q® a 9Q® ptedepisujeme nasledujici okrajové podminky:

a)

podminka symetrie na hranici I'g, tj. pro posunuti bodt na hranici
I's oblasti Q@ ve sméru vnéjsi normaly n plati, Ze uff) = 0, kde
u® = uz(?)ni;

podminka kontaktu na hranici I'k, tj. soucet posunuti ve sméru nor-
maly bodft hranice 901 a bodt hranice 9Q?2 u{l) —u(? < 0;

na ['p predepisujeme nulové zatiZent, tj. pro slozky tenzoru napéti 7;;
plati rovnost 7;;(u)n; = 0, a nakonec

typ podminky pfedepisované na hranici I';y se méni podle zvoleného
typu podpory. Blize tuto podminku specifikujeme v ¢asti 3.2.2 popi-
sujici varianty predepsanych okrajovych podminek.

Prehled volenych variant vstupnich dat a dalsich pred-
pokladt

V predchozich odstavcich mame shrnuty predpoklady, konstantné se vyskytujicich
u vSech modelt. Jak jsme jiz predeslali, numerickymi experimenty jsme testovali
vliv zmény nékterého z nasledujicich péti predpokladii ¢i vstupnich dat na zvoleny
model, tj. zjednoduseny vypoctovy model.

3.2.1 Varianty geometrie

Protoze efektivni okoli (oblast Q(Q)) kotvy neni presné znamo, nabizi se moznost
zkoumat alesponi ptiblizné vliv jeho dimenze (a typu okrajovych podminek, viz
nasledujici oddil 3.2.2) pomoci volby ruznych variant poméru tloustky kotvy a
velikosti neznamé efektivni oblasti.
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Obrazek zachycuje varianty pomeéru sitky efektivni oblasti a poloméru kotvy,
predpokladame-li, ze sitka modelu je 3krat vétsi nez vyska.

osa osa osa
symetrie symetrie symetrie
| | |
Lp i Lp i Lp i
/ / )
| | |
QM [ O®) On 0P O) 0@
| | |
| | |
| | |
1:3 |I'y I'x s 'y I'x s 'y I'I'g
| | |
| | |
| | |
| | |
| | |
Lp | p | e
2/2 1/2 5/4 . 1/4 11/8 . 1/8
Obrazek 4. 2D schémata ilustrujici jednu skupinu z uvazovanych variant

Celkovy prehled zvolenych

bulce.

geometrie, kde 1 : 3 je pomér Sitky k vysce celého modelu.
Pomoci 2/ : /5 %/ + Y/ya /g 1/g charakterizujeme
rozdéleni polovi¢ni sifky modelu mezi oblastmi QM) a Q@) tj.
podil sitky efektivni oblasti kotvy a poloméru kotvy.

geometrickych vztahii je uveden v néasledujici ta-

vyska : Sirka
(pro cely model)

sitka efektivni oblasti : polomér kotvy
(pro polovi¢ni model)

1 -3 2y o 150 Y [ W Yy
I:2 Yo s Mo e M| T s 2 s
I Ya s YaBs 2 s

Tabulka ¢.1 : prehled uvazovanych variant geometrie

3.2.2 Varianty predepsanych okrajovych podminek

Chovani na ¢asti I'y hranice QM) tj. chovani na hranici mezi efektivni oblasti a
okolni horninou, aproximujeme jednou z nasledujicich moznosti podminek v uz-
lech diskretizovaného modelu:
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T r
®
> ®
—~®
g ®
I dow = | oo
ﬁ ®
O
=®
f uyp =Y 4
I'p ug =0 I'p
a) podminka b) podminka ¢) podminka
typu 1 typu 2 typu 3

Obrazek 5. varianty okrajovych podminek

3.2.3 Varianty hodnot souéinitelti smykového treni

Kotva ma za kol zpevnit nadlozi tim, ze diky vznikajici tfeci sile na kontaktnich
plochach prevezme c¢ast tahového napéti z horniny. Uzity Coulombovsky model
trent vychazi ze vztahu normalového napéti a napéti ve sméru tangenty

T[] < F Tl
jestlize ||Ty|| < F|T,|, potom wu;=0,
jestlize ||Ty|| = F|T,|, potom Iy >0 tak, ze u, = —xT;,

kde pro vnéjsi normalu n(x) = {n;(x)}; je T, = 7;(u)n,n; normalové napéti,
T, = 7;;(u)n; — T,,n vektor tangencialnich napéti. Analogicky uvazujeme znaceni
(= w;n;) au, =u — u,n. Symbol F je soudinitelem smykového t¥eni.
Budeme-li experimentalné zvysovat hodnotu F, poroste i velikost treci sily.
Tim dojde i k lepsimu zpevnéni nadlozi. Nicméné soucinitel smykového tteni je
fyzikalni veli¢ina ziskdvanid méfenim. Jde o tangens thlu sklonu podlozky, pod
kterym se téleso z daného materialu dava po podlozce do pohybu. Diky tomu je
F € (0,1). Hodnoty F jsou vzdy tabelovany za jasné danych podminek, mimo
jiné i pro télesa z konkrétnich materialt. Je tedy zfejmé, ze soucinitel smykového
tfeni stejné jako materalové konstanty se vztahuji ke zvolenému materialu. Pii
ziskavani prezentovanych vysledkl jsme ale zvysSovali jen hodnotu F a jednalo se
tedy pouze o teoretickou tivahu. Navic vzhledem ke zptsobu méreni neni prilis
bézné, aby se hodnoty F vyskytovali v blizkosti jednicky. To jsou divody, pro¢
u takto ziskanych vysledkt pouze konstatujeme, ze po zvyseni hodnoty soucinitele
F program nabizi feSeni, k némuz dosel na zakladé zvolené vypoctové metody.
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3.2.4 Varianty uzitych metod pro spojitou formulaci

Na zvolenych vypoctovych modelech jsme testovali, jak se projevi predpoklad
o chovani materialii, ze kterych jsou télesa slozena. Jak jsme diive uvedli, pro
jednoduchost uvazujeme jen homogenni télesa z izotropickych materialt. V na-
sledujicich dvou odstavcich shrneme uvazované varianty o zavislosti pretvoreni
téles na vektoru posunuti u.

I

II1.

Predpokladejme, ze vyslednou deformaci télesa zptisobenou vnéjsim zatize-
nim mtzeme dostatecné presné popsat vztahy, které jsou linearni vzhledem
k vektoru posunuti u = {u;}} libovolného bodu x = {z;}$ daného télesa.
Dochéazi tedy pouze k tzv. malym deformacim. Tenzor malych deformaci
e = {e;; }i; je tvaru

e(u) = % (Vu+ [Va]T) . (1)

Rovnice rovnovahy budou formulovany pomoci Cauchyho tenzoru napéti
t={7;}is.

Vyslednou deformaci télesa zptisobenou vnéjsim zatizenim popiseme vztahy,
které jsou nelinearni vzhledem k vektoru posunuti u, tj. kdyz dochézi k tzv.
velkym deformacim. Tenzor velkych deformaci oznaceny d = {d;;}:; je
tvaru

d(u) = = (Vu+ [Vu]" + [Vu]" - Vu) . (2)

1
2
V linearni teorii se vlastné veskera zatizeni predepisuji na deformované
oblasti f()) = €, stejné tak se i viechny veliciny, jejichz hodnota popi-
suje vlastnosti v bodé télesa, vztahuji k pozici x materidlového bodu &
v deformované oblasti €2. To ale s sebou nese predpoklad, ze Jakobian

det|Vf] = %f(ﬂﬂ) deformace f je pfedem znadm. V nelinedrni teorii pie-

depisujeme veskera zatiZeni na referen¢ni (nedeformované) oblasti Q2. Rov-
nice rovnovahy tedy formulujeme pomoci Piola—Kirchhoffova tenzoru napéti

s={0}i;-

3.2.5 Varianty hustoty diskretizace

Chovani diskretizovaného modelu se v pritbéhu feseni obecné jevi jako tuzsi v pri-
padé volby hrubsi sité. Proto jsme kazdy model tesili dvakrat. Poprvé jsme pro-
vedli diskretizaci jednotlivych oblasti , hrubsi® siti a potom znovu siti ,, jemné;jsi®
(zhruba dvojnasobnou).
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3.3 Formulace matematickych modeli FfeSenych tuloh
3.3.1 Rovnice rovnovahy

Méjme danu oblast © C R? s hranici 90Q. Na zakladé piedpokladtt uvedenych
v ¢asti 3.2.4 budou i rovnice rovnovahy dvojiho typu v zévislosti na zvoleném
tenzoru deformace.

Linearni chovani deformovaného télesa popisujeme tenzorem malych deformaci,

e(u) = (Vu+ V'u).

Rovnice rovnovahy (pro stacionarni ptipad) odpovidajici pfedpokladu o ro-
vinné deformaci maji tvar

divt+F =0 v Q, tj
dx; T L) =4 )7

kde F = {F;(z1,22)}; (F5 = 0) jsou slozky vektoru objemovych sil a t =
{7i;}i; je Cauchyho tenzor napéti, pro nejz plati zobecnény Hooketiv zdkon
ve tvaru

Tij = A 5ij€kzk + 2/,L €ij - (4)

Soucinitelé A\ a p jsou Lamého koeficienty, Vx € Q plati A\(x) = A > 0 a
p(x) = p>0.

Nelinearni tenzor deformace d(u) popisuje kone¢nd pretvoreni v télese a plati,
ze

d(u) = = (Vu+ V'u+ V'u- Vu).

1
2
Uvazujme referenéni oblast 2. Necht symbol & (%, n(X)) oznacuje vektor
povrchového napéti ve sméru n(x) = {n;(X) }; k nedeformovanému povrchu.
Potom plati, Ze &;(X, 1(X)) = &}(%) n;(%), kde § = {5} },; je I. Piola—Kirch-
hoffuv tenzor napéti. Tento tenzor je obecné nesymetricky. Spliiuje pouze
rovnost §[Vf]T = [Vf]§T.

Rovnice rovnovahy (opét pro staciondrni pfipad) maji pro rovinnou defor-
macl tvar - . .
divs+F=0 v Q tj.
96 B ..
2+ E=0 (i,j=12),

oz,

()

kde F = {I:_’Z}Z je vektor objemovych sil ptisobicich na téleso pred defor-
maci. Jestlize deformace f piifadi bodu % € 2 polohu x = f (x) v Q, pak
vztahy mezi vektory z (5) ve tvaru pred deformaci a po deformaci a je dan
predpisem

A

F(X) = det|[Vf(%)] - F(x) a divs(x) = det[Vf(X)]-divs(x) (6)
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ktery je odvozeny z transformac¢niho zédkona3.

Predpokladame-li , ze vektory %g) jsou linedrné nezavislé*, pak se tenzor
J

oznaceny t = {t;;};; a splitujici
t(x) = [VF(%)]7'8(%) = det[Vf(%)] - [VF(%) ] 'sx)[VF(x)]" (7)

nazyva II. Piola—Kirchhoffiv tenzor napéti. Posledni vyraz v (7) je opét
vysledkem transformacnich vztahii tentokrat pro hranicéni ¢leny a plati, ze
x = f(x) pro x € Q.

Elastické téleso nazveme hyperelastickym, jestlize 11. Piola—Kirchhofftv ten-
zor napéti t ze vztahu (7) mizeme vyjadiit ve tvaru Hookeova zakona

L) — oW (%,d)

(%) = = COW(x,d)

= det[Vf ()] - ——3

V)], (8)
kde W je dostatecné hladka funkce, ktera je invariantni vzhledem k zdméné
d;; za d;; a kterd se nazyva potencidal deformacni energie. Dosazenim II.
Piola—Kirchhoffova tenzoru podle (7) a Hookeova zakona (8) do rovnic rov-
novahy (5) a diky transformacnim vztahtim (6) ziskdme rovnice rovnovahy
ve tvaru

Kl <aW OW du; (5()> FE(x)=0 (i,j=1,2) v Q (9

pro x = f(%), x € (.

Necht Zy, Z a Z3 jsou hlavni invarianty Cauchy—Greenova tenzoru defor-
mace C = [Vf]T'Vf = I+ 2-d(u), kde I je jednotkovym tenzorem. Pro
vypoctové modely jsme zvolili tzv. Neo-Hookeaniuv potencidal deformacni
energie, ktery je ve tvaru

Wi(di;) = W(Zy, [V}]) =

o=

(V73T = 3) + 5 O+ 2p) - (1] - 17,

kde [Vf]  je Jakobian deformace f, [Vy| = det[Vf],
A a . Laméovy materidlové konstanty:.
3.3.2 Okrajové podminky

Necht I'p, I'g, I'x a I';y jsou oteviené disjunktni ¢asti hranice jedné z oblasti Q1)
pfipadné Q(z) tak, 7€ fp U FK U fU = 89(1) a FP U fK U FS = 89(2) CéSt FU
hranice 90Q®, kde budeme piedepisovat rtizné typy okrajovych podminek, navic

3Viz napt. [Gurtin, str. 51].
4Linearni nezavislost sloupcit Vf nam zarudi, ze objem f(Q) je nenulovy.
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rozdélme na dvé ¢asti I'¢, a TY,, Ty = f; U be. Ptedepisme okrajové podminky
dle drive uvedenych predpokladt

nal'g u® = 0;
na I'g uld —u® <0,
TN =T® =T,<0 a
(up) +u)T, =0,
1T (0)]| < FIT, ()] a
Ti(u) + FITu(w)] |[u [ =0

pro u; = u;’ —u;”;

I
o

na I'y Uy = Uz (tedy u(ly)=0),
nebo up =us =0 na casti I'; a
u; = 0 na zbytku 'Y, =Ty — T,

nebo u; = uz = 0 pouze na casti I'}y
a navic je I'Y, C T'p

pro dany soucinitel smykového tfeni F. V podminkach pfedepsanych na hranicich
I's a 'k jsme navic potfebovali rozlisit posunuti tak, aby odpovidala posunuti
bodt jednotlivych oblasti Q). Proto jsme zavedli oznaceni u(") a analogicky
T = T,,(u™). Nakonec jsme uzili rovnosti n = n) = —n® na 'y, kde n®) je
vnéjsi jednotkova norméla k ¢asti hranice 90" (r = 1,2). Toto rozliseni nezdii-
raznujeme v piipadé, kdy se cely predpis vztahuje pouze k jediné oblasti.

Poznamka 1 Podminka kontaktu predepisovana na ¢asti I'x je v .SW systému
ANSYS realizovana vybérem specialnich prvka pfifazenych uzlim diskretizacni
sité, které lezi na kontaktnich plochach. Viz kapitola 3.4 na strané 18.

3.3.3 Variaéni formulace

Necht 1), X" jsou konstanty, 1) > 0, A > 0. Necht V() jsou prostory virtu-
alnich posunuti

VO = {vD e HYQM) x HY(QM) |v() =0 na T,
o) =0nal? av® =0 Dg}.

Pripomenme, ze pii formulacich uvazujeme ptipad zjednoduseného vypoctového
modelu bez vyplné.
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Nejdrive definujme jednotlivé funkcionaly tak, jak odpovidaji okrajovym pod-
minkdm (A.), linedrni (B.) a nelinearni (C.) teorii. Nakonec uvedeme definici
varia¢niho TreSeni

A. Necht dI' je elementem hranice oblasti. Definujme funkciondl j( , ) vztahem
J ) = [ FT ) o - uf?]| i
K

Timto nediferencovatelnym konvexnim fukcionalem prispéji do variacni ne-
rovnic okrajové podminky.

Poznamka 2 S takto definovanym funkcionalem j(u™,u®) je tiloha kompliko-
vand, proto se meznama hodnota |7, (u)| nahradi zndmym funkconédlem g a vari-
acnim feSenim problému s Coulombovskym tfenim rozumime takové kinematicky
ptipustné posunuti, pro néjz je —7,,(u) pevinym bodem zobrazeni G : H™ — H™,
kde

H*={ge H*(Tx) | (g;0) >0 Yo, v>0 nalx}.

B. Linedrnimu tenzoru deformace (1) a pfislusné rovnici rovnovahy (3) spolu
s Hookeovym zakonem (4) odpovida funkcionél energie 7 definovany na
K@D x K2 kde K" = V) predpisem

T M, u?) = jo(e’l)(u(l)) + \70(672)(11(2)) +j(u®, u?) | kde

1 s (s s T (s T

_ / FOuD aa
Q(T) (A (3

g = |

C. Necht K" je mnozina viech kinematicky pifpustngch posunuti, ktera je pro
r = 1,2 definovana

KO = {(v) e V) | det[ld + VvD] >0 s.v. v Q0 }.

Nelinearni tenzor deformace (2) a rovnice rovnovahy (9) spolu s Hookeovym
zdkonem (8) ur¢uji funkcionél energie J™ definovany na K" x K "2
predpisem

TW @, u®) = 78 @) + 75 @®) 4 ju®, u®), kde

‘70(h,r) (u(r)) — /( ) W(dz‘j(u(r)) dQ(T) _ | E(T)uz(r) dQ(T) .
Q 7‘

Qr
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Definice 1 V zavislosti na volbé linearni ¢i nelinearni teorie, tj. pro zvolené
a € {e, h}, definujme konvexni mnozinu

K@ = {(v®) v@) e K@D 5 @V |0 4 @ <0 na Tk},

Variacnim resenim nazveme takovou dvojici kinematicky pripustnych posunuti
(u®, u®) € K@ fesi minimalizaéni ilohu

T@OMD, 1@ < 7@ (v, y2)
na mnoziné viech kinematicky ptipustnych posunuti (v, v®) e K@,

Poznamka 3 Piipoméiime, Ze ve formulaci j(u®™,u®) pro hyperelasticky ma-
terial pocitame s prislusnou transformaci.
Protoze vektor povrchovych sil odpovidajici I. Piola—Kirchhoffovu tenzoru na-
péti je ve tvaru R
S(x)n =8, (x) - n(x) +8(x) x € 09,
ma tato rovnost pro II. Piola—Kirchhoffiiv tenzor napéti tvar
VFt(%)h = Vfta(X) - A(X) + VE(X) % € 00,

Potom po transformaci do deformovaného f(9Q) = 99 a po dosazeni podminek
na 'k ziskame vztah

Vf t(%) 1(x) dI' = det[Vf] - Vf t(x) [Vf ] n(x) dT . O

Poznamka 4 SW systém ANSYS pouziva jiného zptsobu formulace. Nabizi
moznost uziti penaliza¢niho funkcionalu, poptipadé funkconalu rozsirenych Lagran-
gidani (,,Penalty function + Lagrange multiplier”). My jsme zvolili verzi rozsife-
nych Lagrangiant, viz nasledujici oddil 3.4 va strané 18.
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3.4 Prehled vybéru elementi a vychozich nastaveni

Software:

Spojity model:

Diskretizace:
Elementy:

Nastavené
klic. vlast.:

Materialy:
Linedrni:
Nelinearni:

Mat. konst.:

ANSYS/University high option RELEASE 6.1

geometrie konkrétniho modelu viz schémata v kapitole 3.2.1
zatiZeni vlastni vahou s tthovym zrychlenim g = 9.81"/ 2
okraj. podm.: viz schémata v kapitole 3.2.2

PLANE42 2D element pro pevné matetrialy (4 uzly),
linearni teorie,

PLANE182 2D element pro pevné mat. (4 uzly), hypere-
lasticita - nelinearni teorie,

CONTAC48 2D element modelujici kontakt ,,bodu na po-
vrch® (3 uzly).

PLANE42 keyopt(3) ,,Plane strain (Z strain = 0.0),
PLANE182 keyopt(3) ,,Plane strain (Z strain = 0.0),
CONTAC48 keyopt(2) ,Penalty function + Lagrange
multiplier®,
keyopt(3) ,elastic coulomb.
Déle viz ANSYS 6.1 Documentation [ANSYS Elemet].

Volba parametri prifazenych elementu CONTAC4S:
Toln = 10~°m.
Dale viz ANSYS 6.1 Documentation [ANSYS Contact].

pevny, homogenni, izomorfni, elasticky

hyperelasticky materidl s Neo-Hookeanovym tvarem poten-
cidlu v Hookeové zakonu

Déle ANSYS 6.1 Documentation viz [ANSYS Nonlinear| a
[ANSYS Static].

material Young. mod. Poiss. ¢. hustota
E(MPa) o p (/)
kov 200000 0.30 78 500
epoxid 10000 0.25 2300
hornina 2000 0.35 2500

3.4.1 Poznamka ke zvolenému kontaktnimu elementu

Element nazvany CONTAC48 je 2D kontaktni 3-uzlovy element s uzly
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K — kontaktni uzel na ,slave surface® a
I,J — krajni uzly cilové tsecky na ,master surface”,

kde master—slave vztah mezi uzly je dan podminkou nepronikdni na kontaktni
hranici, tj. ze ,podfizené” uzly kontaktniho télesa nesmi proniknout do télesa
cilového, jehoz povrch je dan ,ridicimi“ uzly.

Jestlize tedy béhem feseni ziskame w,, (K) > 0, tj. dojde k penetraci kontaktniho
uzlu K cilovou tseckou |I.J|, pak nalezneme normaélovou silu F,,, kterd ptisobi ve
sméru vnéjsi normaly k cilovému povrchu prezentovanému cilovou tseckou |1.J].
F,, je pri pouziti metody rozsirenych lagrangidniu pocitana dle vztahu

F.(K) = min{0; k,u,(K) + X\it1}, kde

kn, je tzv. kontaktni tuhost (penaltovy parametr v metodé rozsife-
nych lagrangiant),
u,(K) je velikost penetrace kontaktniho uzlu K za hranici cilové oblasti
a
Aiv1 je 14 1-ni iterace lagrangeova multiplikatoru upravujici hodnotu
normalové sily F,.
Pro A\;y1 plati, ze

N i + akpuy(K) u,(K)| > Toln
TN jinak ,

kde T'oln je voleny parametr a o < 1.

Poznamka 5 Elementy CONTAC48 jsou vytvofeny piikazem
gcgen, kontaktni_uzly,cilove_uzly,2

Cislo 2 znamena, ze k jedné cilové tisecce tvorené cilovymi uzly T, a Ty jsou piifa-
zeny dva kontaktni uzly, tj. cilova tsecka figuruje ve dvou kontaktnich elementech
a to:

E, @ Ty, Ty a K,

Ey Ty, Ty a Ko,
pro kontaktni uzly K; a Ky. Déle viz ANSYS 6.1 Documentation [ANSYS Elemet].
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4 Vysledky

4.1 Vysledky rozdélené dle zvoleného typu okrajové pod-
minky na hranici I'y

Legenda k tabulkam:
A varianta zkonvergovala, tj. software ANSYS nalezl fesent;

x model je nestabilni, vyslednice tihovych sil prevysila vyslednici sil tfecich,
které vznikaji na kontaktnich plochéch;

[1] posloupnost diskrétnich tloh podle ANSYSu zkonvergovala az po zvySeni
soucinitele smykového tfeni f.

Okraj. podm. linedrni model nelinedrni model
typu 1 hrubsi sit ‘ jemnéjsi sit | hrubsi sit ‘ jemnéjsi sit

1:3 Yt/ A A A A
1:3 5/4:'/ [1] [1] [1] [1]
1:3 2/5:1), X X X X
1:2 7/5:1 X X A 1]
1:2 3/,:1), X X A

1:2 151, X X X X
1:1 3/3:1/ X X X X
1:1 1/ 1, X X X X

Tabulka 2. Vysledky pro priklad s homogenni Dirichletovu podmin-

kou podél celé I'y;.

Okraj. podm. linedrni model nelinedarni model
typu 2 hrubsi sit ‘ jemnéjsi sit | hrubsi sit ‘ jemnéjsi sit

1:3 Yt/ A A A A
1:3 °/s:'/y [1] [1] 1] 1]
1:3 2/5:1) X X X X
1:2 7/g:1/s A A

1:2 3/,:1), X X X X
1:2 151, X X X X
1:1 3/3:1/ X X X X
1:1 1/ 1, X X X X

Tabulka 3. Vysledky pro ptiklad s podminkou u; = 0 podél celé 'y,

a homogenni Dirichletovou podminkou (u; = ug = 0) ve
spodnim uzlu.
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Okraj. podm. linedrni model nelinedrni model
typu 3 hrubsi sz/t" jemnéjsi sit | hrubsi sz/t" jemnéjsi sit

1:3 /g1 A A A A
1:3 5/4:1, A A A

1:3 2/5:1) A A 1] 1]
1:2 7/g:1/s A A

1:2 3/,:1, A X X X
1:2 11, X X X X
1:1 3/5:1s X X 1] X
1:1 1/4:1, X X X X

Tabulka 4. Vysledky pro priklad s homogenni Dirichletovou podmin-
kou ve spodnim uzlu.

4.2 Vysledna vyobrazeni pro zjednoduseny model
bez vyplné

AVG ELEMENT SOLUTI ON ANSYS 6.1

STEP=1
SuB =1
TI ME=1
1 EXPANT]
FN

SWN =-

-1004 -780.872 -557. 766 -334. 66 -111.553
-892. 425 -669. 319 -446. 213 -223.106 0

Obrazek 6. Vysledek prikladu s pronim typem okrajovych podminek a s po-
mérem velikosti 1:3 1 /g : 1 /g s linedrnim tenzorem deformace;
vykresleny jsou oblasti po deformaci a normalova napéti v okoli
kontaktu.



22 Jifri V. HORAK, Ivona SVOBODOVA
DI SPLACEMVENT ANSYS 6.1 ELEMENT SOLUTI ON ANSYS 6. 1
oTER—1 prll 8al 8 |in_M3_Ol_jem STEP=1 pri1l_8al_8_lin_M3_OL_jem
SL‘JEI :I ; i PLOT NO. 1 S -1 PLOT NO. 1

X I ME=1
P (NOAVG) b
DWK =. 104E- 03
SWN =- . 842E- 06
SWX =. 274E- 04
iz X
Z_ X
|
-.842E-06. 542E-05 . 117E-04 . 180E-04 . 242F- 04
229E- 05 . 856E- 05 . 148E-04 . 211E-0274E- 0«
Obrazek 7. Vysledek prikladu s pronim typem okrajovich podminek a s po-

mérem velikosti 1:3 M /g : 1/g
vykreslena je cast fesené obla;

s linedrnim tenzorem deformace;
sti (pilka modelu) a zvIast vyne-

sen priibéh otvirani na kontaktu.
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AVG ELEMENT SOLUTI ON

-1444

Obrazek 8.

ANSYS 6. 1
I

-802. 117

-481. 27 -160. 423
-962. 54 -641. 693 -320. 847 0

Vysledek prikladu s pronim typem okrajovych podminek a s po-
mérem velikosti 1:3 /g : 1 /g s nelinedrnim tenzorem defor-
mace; vykresleny jsou oblasti po deformaci a norméalova napéti
v okoli kontaktu.
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DI SPLACEMENT

DWX =. 919E- 04

AVG ELEMENT SOLUTI ON My ANSYS 6.1
8al_8_lin_MB_2
STEP=1 " " T AT N
SUB =1 PLOT NO. 1
TIME=1
1 EXPANDED
FN (AVQ)
DWX =. 919E- 04
SWN =-519. 875
Y
-57.764

-519. 875
-462. 111

- -173.292
- 346.583 -231. 056 -115.528

Obrazek 9. Vysledek prikladu s druhym typem okrajovijch podminek a s po-
mérem velikosti 1:2 /5 : /g s linedrnim tenzorem deformace;
vykresleny jsou oblasti po deformaci a normalova napéti v okoli
kontaktu.
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DI SPLACEMENT i Y T ; ANSYS 6. 1
STEP=1 k pr7_8al_8_nln_M_C2
SUB -10 PLOT NO. ~ 1

DWX =. 100E- 03

AVG ELEMENT SOLUTI ON ANSYS 6.1
pr7_8al_8_nl n_M3_O2

STEP=1 PLOT NO. 1

SUB =10
TI ME=1

1 EXPANDED

F_N (AVQ
DWX =. 100E- 03
SWN =-520. 487

I 2000009090900
-520. 487 -404. 823 -289. 16 -173. 496 -57.832
- -346. 991 -231.328 -115. 664

Obrazek 10. Vysledek prikladu s druhym typem okrajovych podminek a s po-
mérem velikosti 1:2 7 /g : 1 /g s nelinedrnim tenzorem deformace;
vykresleny jsou oblasti po deformaci a normalova napéti v okoli
kontaktu.
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AVG ELEMENT
STEP=1
SuB =1
TI ME=1
1 EXPANDED

I 0000w I
-2442 - 1899 -1356 -813. 86 -271. 287
-2170 -1628 -1085 -542.573 0

Obrazek 11. Vysledek prikladu s tretim typem okrajovijch podminek a s po-
mérem velikosti 1:3 5/, : 1/, s linedrnim tenzorem deformace;
vykresleny jsou oblasti po deformaci a normalova napéti v okoli
kontaktu.
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Obrazek 12.

-269. 828
0

- 18389 . ~1349 : 800, 405
-2159 -1619 -1079 -539. 657

Vysledek prikladu s tretim typem okrajovych podminek a s po-
mérem velikosti 1:3 %/, : 1 /4 s nelinedrnim tenzorem deformace;
vykresleny jsou oblasti po deformaci a normalova napéti v okoli
kontaktu.
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4.3 Vysledna vyobrazeni pro model kotvy

- 1583 -1187 -791. 317 - 395. 658 0

Obrazek 13. Vysledek piikladu pro model kotvy (3 odlasti) s nelinedrnim
tenzorem deformace pro okrajovou podminku typu 1; vykres-
leny jsou oblasti po deformaci a normalova napéti v okoli kon-
taktu.
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Obrazek 14.

- 1455 © 10091 121, 488 T -363.744 0

Vysledek piikladu pro model kotvy (3 odlasti) s nelinedrnim
tenzorem deformace pro okrajovou podminku typu 2; vykres-
leny jsou oblasti po deformaci a normalova napéti v okoli kon-
taktu.
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Obrazek 15.

pr147_100al_10 aﬁZ_lOO_nI n_MLaM2aM3_O3 pr 1477100a17100a271h6N07nl n_MLaMRaMB_CB
1 PL

il ANSYS 6.1 ANSYS 6. 1

ar NO 1 PLOT NO. 1
ELEMENT SOLUTI ON

STEP=1
SUB =10

TI VE=1

GAP (NoAVQ)
DVX =. 231E- 03
SWN =-. 129E- 04
SMKX =. 442E- 04

Vysledek piikladu pro model kotvy (3 odlasti) s nelinedrnim
tenzorem deformace pro okrajovou podminku typu 3; vykres-
lena je C¢ast feSené oblasti (pilka modelu) a zvlast vynesen
prubéh otvirani na kontaktu.
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5 Shrnuti

Tento text je prvnim krokem k hledani a numerickému ovérovani podminek resi-
telnosti interaktivni soustavy pruznych téles, ktera jsou ve vzajemném kontaktu
s uvazovanym vlivem tfeni na kontaktnich plochéach.

Zvolili jsme model, zakresleny na obrazku 2. na stran€ 6, zjednodusujici priklad
lokalni vyztuze jedinou kotvou, ktery je zachycen na obrazku 1. na strané 5.
Uvadime vysledky numerického testovani citlivosti navrzeného modelu na zméné
predem vybranych predpokladi.

7 vysledkt je patrny vliv pfedevsim zvolené geometrie a typu okrajové pod-
minky, kterou jsme se snazili popsat chovani na rozhrani mezi efektivnim okolim
kotvy a okolni horninou. Zmeéna ptredpokladu linearniho chovani materialu na
nelinearni se efektivnost modelu vyrazné nezménila; nejvice snad u prvniho typu
okrajové podminky, tabulka ¢.2 strana 20. Jesté mensi vliv na sledovanou stabil-
nost navrhu meéla volba hustoty diskretizace.

7 vyslednych obrazkid na stranach 22 az 30 je také ziejmé, ze pii pouziti jak
linearni tak nelinearni teorie dochézi k ,,otvirani“ spary v dolni ¢asti prevazné s ta-
hovym napétim v blizkosti kontaktnich ploch a tedy v pripadé kotevniho systému
k moznému snizeni i¢innosti kotvy. K nalezeni uspokojivého navrhu vypoctového
modelu bude tedy tfeba se nadéle zabyvat hledanim podminek feSitelnosti pro
spojity i diskrétni model odpovidajici nelinearni teorii.

Podékovani. Autori ¢lanku dékuji doktoru H. Netukovi z katedry matema-
tické analyzy a aplikaci matematiky ptrirodovédecké fakulty Univerzity Palackého
v Olomouci za poskytnuté konzultace a podnétné pripominky v priubéhu prace a
dale dékuji Radé vlady CR pro vyzkum a vyvoj za finanéni podporu vyzkumné
¢innosti.
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Abstract

The problem of the one-dimensional mean value interpolation with
quadratic splines on some simple triangulations is discussed. The func-
tion values in the vertices, edge midpoints and one-dimensional mean val-
ues are used for spline local representations and in continuity conditions.
With prescribed mean values for all edges an interpolant exists in very
special cases only (as consequence of Euler’s rule). We have to search for
the set of edges with unique solution of such problem (the Lagrange Inter-
polation Set) or for some mixed set of such local parameters—the space
dimension is not equal in all cases to the number of 1D mean values we
can prescribe.

1 Statement of the problem

In the FEM and FVM theories, in interpolation and optimal recovery theories we
can find many results concerning interpolation of function values or mean values
on triangulated domains in 2D (see [1]-[15]) with higher degree polynomials and
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another special types of functions (radial basis functions, thin plate splines). We
will discuss the problems connected with 1D mean values interpolation (MVI) on
simple triangulations with quadratic C'-splines. The author’s results for func-
tion values interpolation with quadratic splines on such triangulations can be
found in [6], for 2D MVI in [8]; more details about interpolation with quadratic
polynomials in [7].

We can find in the literature the technique of the BB control set (see [4]) and
technique using function values and gradients (see [5],[14],[15]) for the analysis
of C'-continuity conditions. We will use function values (FV) in the vertices and
edge midpoints and 1D mean values along edges for spline local representation
and for writing C*-continuity conditions (CC) for triangles with common edge
or vertice. The aim of this contribution is also to compare the results for MVI,
FVI with quadratic splines and polynomials and also to present algorithms for
computing local parameters of resulting splines.

Let us have the regular triangulation A = [JT; of some polygonal domain
D into T triangles with V vertices and E edges. The Euler’s rule states that
V—-FE+T=1 V:T:E~1:2:3 for large triangulations. The quadratic
C'-spline on A is the function, which is a quadratic polynomial (with the total
degree used) over each triangle and with continuous first derivatives over the
whole domain D. When for each edge V;V; with the length |V;V}| (or for some
subset of edges only) we know the one-dimensional mean value m;; € R, we can
state the following

Problem 1D MVI: With given 1D mean values

1
\ViV;| Jviv;

mij s(xz,y)dl along some edges V;V;, (CI)

does there exist a quadratic spline or polynomial with such mean values?

Problem LIS: Find a subset (all such subsets) of edges (or edges, vertices,
edge midpoints) on given triangulation (the Lagrange Interpolation Set) for which
the 1D MVI problem (or problem with given mean and function values) has the
unique solution with any given 1D mean (function) values on such subset.

In the following we will discuss solvability of such problems using notation
T;, Vj, Sy, for triangles, vertices and edge midpoints, s(x,y), v; = s(V;), s; = s(5;)
for the quadratic spline function values (see Figs la, 1b—the numbering will
be precised in special cases). As a consequence of the mean value theorem of
the integral calculus (m;; is the function value in some point on the edge) the
results give an answer also to some problems of function values interpolation on
triangulations (when sample points are not specified or chaotic).
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Figs 1a, 1b

2 Spline local representations on triangle

The quadratic spline over any triangle is a quadratic polynomial and we can
describe it using some local polynomial coefficients or various local parameters as
v;, 8, My;. There are simple connections between different spline local parameters
which help us to use parameters we are interested in. The quadrature formula
valid for any edge of triangle 7" with vertices V; and local parameters s;,v;,
1,7 =1:3 as in Figs la, 1b

1

1
Vvl s s(x,y) (v1 + 459 + v3)

6

mas3

is exact for quadratic functions and allows us to write down the relation between
mean values m;; and function values s;,v; in any triangle 7" as e.g.

U1 + 483 + vy = 6m13. (1)

The values s; we can compute from values m;;,v; as
481 = 6m23 — Vg — V3, 482 = 6m13 — VU1 — V3, 483 = 6m12 — V1 — Va. (2)
With given parameters m;; there is one-to-one correspondence between parame-

ters s;, v;.

2.1 Cartesian coordinates on reference triangle

A quadratic polynomial on reference triangle Ty with vertices V; = [0,0], V5 =
[1,0], V53 = [0,1] and edge midpoints S; (as used in FEM—see Fig. 1la for num-
bering) we can write in Taylor’s representation

s(x,y) = ago + a0 + any + anT® + a;xry + a02y2 (3)
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Six coefficients a;; can be uniquelly determined from six conditions of interpola-
tion (CI) with local parameters v;, m;; and we obtain local representation

s(z,y) = [1 —4(x +y) + 3(x +y)?*|v1 + 2(32 — 2)vy +y(3y — 2)vs
+ 6[zymaz + (1 — = — y)(ymaz + Tmaa)]. (4)

For the triangle in a general position the coefficients a;; can be also computed
from CI and used in the corresponding local representation.

In the FEM interpolation theory (see e.g. [15]) the transformation of any trian-
gle to some reference triangle is used. We shall try to use local spline parameters
only without such transformations. The dimension of the space of quadratic
polynomials is six in all cases considered.

2.2 Spline representations in barycentric coordinates

The barycentric coordinates t = [t1, to, t3] of the point P = [z, y] with respect to
the triangle V115 V5 in general position allow us to write the quadratic polynomial
with local parameters v;, s; (see [4]) in (v,s)-representation

s(t) = t1(2t1 — 1)vg +t2(2ts — 1)vg +t3(2t3 — 1)vg +4(t1t2S3 + t1t3S2 + tatzsy) (5)
or—after substitution from (4)—with parameters v;, m;; in (v,m)-representation

s(t) = t1(3t1—2) vy +t2(3ta—2)vo+1t3(3t3—2)v3+6(t 1 tamaa+titsmyz+tatsmas) (6)
Substitution for v; from (7) gives us the spline in (s,m)-representation

S(t) == 3(1 — 2t3 - 4t1t2)m12 -+ 3(1 - 2t2 — 4t1t3)m13 + 3(1 - 2t1 - 4t2t3)m23
+ 2(—1 + 2t1 + 6t2t3)81 -+ 2(—1 + 2t2 + 6t1t3)82 + 2(—1 + 2t3 + 6t1t2)83 (7)

with local parameters m,;, s;. Let us mention that the segment of the boundary
curve depends now on boundary mean values on another segments (we have only
two parameters on such a segment).

3 Interpolation and continuity conditions

Let us consider the 1D MVI problem for two triangles V,V5V3, ViV4V, with com-
mon edge V115 and with barycentric coordinates t = [ty, o, t3] of V; with respect
to the triangle V1V2V5 (see Fig. 2 for notation). Let the five 1D MV m;; are
known—we search for MVI quadratic polynomial and quadratic spline.

In the M VI problem with quadratic polynomial we have to find the corresponding
six parameters only (in the LR chosen) from values prescribed in CI. When we use
(vym)-LR and compute the FV sy, s5,v, as functions of vy, vy, v3, ma, mi3, mas
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Figs 2a, 2b

and when we use the CI for my4, mos, we obtain three equations relating nine
parameters v;, m;;. The (3,4)-matrix related to parameters v; is

t1(3ty — 2) to(3ty — 2) t3(3t5 — 2) —1
t1(3t, 4 2) to(3ty — 4) t3(3ts —4) 1 |. (8)
(3t —4) ta(3ty +2) t5(3t5 — 4) 1

The four determinants corresponding to the free parameters v; are equal +36t;t13,
36t1(1 — t3)ts, 36t2(ts — 1)t5. From the position of Vj (t; # 0,t3 < 0) follows now
that they are all different from zero in case t5 # 0.

When we use (s,m)-LR for computing sy, $5, v4 and substitute the results into CI
for my4, m15, we obtain two relations for parameters si, s5, s3 and m,; with simple
matrix [1,-1,-1; -1,1,1] corresponding to columns for s;. We can summarize the
results in the following

Statement 1: 1D MVI problem for two triangles with the common edge and
five given my;; (see Fig.2 for the notation) in the class of quadratic polynomials
(with the dimension equal to siz)

— has the unique solution with one free parameter vj, j € {1:4} if to # 0;

— has the unique solution with t; = 0 and free parameters vy + 5m;;;

— has the unique solution with one free parameter s;,i # 3 (FV in midpoint of
the common edge).

To solve our problem with quadratic splines we have to find the spline local pa-
rameters for each patch of the spline under C*-continuity (smoothing) conditions
(CC) and CI. We can find e.g. in [3],[5],[9] the C'-smoothing conditions for the
common edge expressed with local parameters FV and gradients in the vertices.
We will show that we can use also for this purpose the F'V in the vertices and edge
midpoints only or FV in the vertices and MV along the edges. The dimension of
the spline space will be growing up with the number of triangles considered.

The C*'-continuity conditions can be expressed in various local parameters used
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for the spline representation. With common FV vy, vs, s3 (see Fig. 2a for number-
ing) these patches have common boundary curve over the connecting edge. The
continuity conditions for the first derivatives along this edge can be expressed as
common directional derivatives along edges V1V, VoV} (see [6]-[8]) with the local
parameters s = [sy, So, 83, 54, S5]7, V = [v1, V9, v3,04)7 and (8) as

0tyts 0 —1]  [=3t b t5—1
4[1530151 -1 0 ]S_[ i =3ty ts —1]"‘ (9)

We can substitute for s; from (2) to obtain the CC in (v,m)-LR or to use this
LR directly—we obtain then the CC conditions with the local parameters v =
(U1, V2, V3, v4), M = [m12,m13,m23,m14,m24]T as

2751 _t2 —t3 1 3t2 3t3 0 —3 0 Vv o
[_tl 2ty —t3 13t; 0 3tz 0 _3] lm] =0 (10)

We can use the CC for solving 1D MVI problem with given all five values m;;
and two parameters v;. The only variant with no solution in general is now with
given vq, vs.

We can try to obtain the CC expressed also with the local parameters sy, m;;.
When we compare the expressions for the derivatives along edges V;Vy, VoV, using
local representation (s, m), we obtain the C'-continuity conditions

2[(t1 — 1)81 + (tg + 3t3)82 + (3t2 + t3 — 1)83 + S4 — 385] =

= 3[(2t2 + t3 — 1)mya + (t2 + 2t3)masz — 2may + (t1 — 1)mag + mad],
2[(t1 + 3t3)81 -+ (tg — 1)82 + (3t1 + t3 — 1)83 — 384 + 85] =
= 3[(2t1 + t3 — 1)]m12 + (tg — 1)m13 + 14 + (tl + 2t3)m23 — 2m24]. (11)

But the local representation (s,m) does not ensure us now the C-continuity of the
neighbouring patches! The condition of equal function values in both common
vertices V7, V5 gives us one complementary condition

2(s1 — 89— S4+ 85) = 3(—maz + My + Mmag — May), (12)

which we have to add to foregoing C*-conditions.
With vectors s = [s;, i = 1: 5], m = [mqa, M3, M4, Maz, Moy)’ and matrices

t1—1 to+3t3 3ty +t3—1 1 —3
A= |t +3t; ta—1 3t +t3—1-3 1 |,
1 1 0 11

29+t —1ta+2t3 =2 ¢t —1 1
Am: 2t1+t3—1 tg—l 1 t1+2t3 —2
0 -1 1 1 -1
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we can write the C! conditions in this LR as
2A¢s = 3A,,m. (13)

Through detailed discussion of determinants from columns of the matrix Ag we
can search for the solvability conditions.
The results of both cases of LP v;, s; we can summarize in the following

Statement 2: The dimension of solutions of 1D M VI problem for two triangles
with one common edge and with given five values m;; in the space of quadratic
splines is seven.

Such a problem has a unique solution with any two free parameters v; with the
exception of the couple vy, vs.

With two free parameters s; there is a unique solution with the exceptions of
cases
- 81,84, when the vertex Vy is located on the line VoVs;

— 84, S5 and vertex Vy on the line V1V or on the axis of the angle V1V3Vs;
— 81, 89 and vertex Vy on the axis of /V1V3Vy and in symmetric cases.

v

a

v
3

v
3

Figs 3a, 3b

3.1 Special cases of CC + CI

We can frequently meet the special cases of triangulations, where some symmetry
results in repeating simple coefficients in CC. We find here some part of results
proved for the general cases in the foregoing subsection.

3.1.1 Quadrilateral

In case that two connected triangles form a quadrilateral (see Fig. 3a), we have
Vy, = Vi + Vo — V3, with barycentric coordinates t = [1,1, —1].
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When we use the (s,v)-LR to express the values sy, s5,v4 as FV of one quadratic
polynomial and eliminate the parameters s; from five CI for m,;, we obtain for
vectors v = [v, Vg, U3, V4], M = [My2, M3, Mg, Mag, May] the relations

5 —=171 —-12 -6 -6 0
1 15-1 6 60 —6 0

1571 12 6 0 —12 —6
l"]:o. (14)

All four (3,3)-determinants from first 4 columns are nonzero—the 1D MVI prob-
lem with prescribed 5 MV m;; + any v; has a unique solution in the class of
quadratic polynomials.

For quadratic splines the CC + CI conditions with parameters (v,s) are

3 —111 0 —44 0 —4] 0
1 311-404-40 0
1 1000 040 0 M1
1 0100 400 0 [V]:6 mas | - (15)
1 0010 000 4 L% Mg
0 1104 000 0 Mas
(0 1010 004 0 s |

We have 7 equations for 4 + 5 = 9 parameters; with 2 free parameters and 5 MV
m;; we have confirmed again that the dimension is equal to seven.
With the local parameters (v, m) we can write more simply the corresponding

CC as
2 -1113-30 -3 0 \4

—121130—30—3][m]_0' (16)
We can now easily to see that the only case with no solution with prescribed

5 m;; + 2 v; is with free parameters vy, vs.
In the (s,m)-representation we can write the CC now as

0 -211 -3 0-1-20 1
2/-2 01-31|s=3{00 1 —-1-2|m (17)
1 -10-1 1 0-11 1 -1

We find that the computed parameters s; do not depend on the value mq, now
and that our MVI problem has no solution in general in two variants with free
parameters—sy, S and Sy, S5 only.

3.1.2 Half of quadrilateral

When two connected triangles form one half of the quadrilateral (as in the A2-
triangulation of the rectangular mesh— see Fig. 3b and Sect. 6.1), then V, =
2V; — Vi and t = [2,0, —1]. We can use the Statement 1 to find the unique MVI
polynomial to the data 5m;; + 1vs only.
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For MVI quadratic spline the system of equations for CC with the local param-
eters (v, m) has now simple form

-20116 0 =3 0 -3 (18)

4 0110-3 0 =30 vi_o
m| =0
With given values m;; we find the solvabillity of our MVI problem in general with
the free parameters vy, v3 and vy, vy only.
With parameters (s,m) the CC (13) can be written now as

-2-28 -6 2 -63-30 6
2 -20-22 03-3-33

2 6-42 -66¢66 —3-3
MEC (19)

We have now 3 equations with 5 parameters s; and given m,;—two free parameters
s;. We find that from ten variants of two free parameters the only couple with no
solution in general is sg, Ss.

3.2 Triangles with common vertex only

Figs 4a, 4b

Let us discuss the case of two triangles with the common one vertex only as in
Figs 4a, 4b and 1D MV m;; along all six edges.

With quadratic polynomial and (v,m)-LR we can compute the parameters
U4, Vs, Sa, S5, S and substitute for sy, s5, s in the CI for msy, mss, mys.

We obtain so five equations relating eleven parameters v = [vy, vg, U3, U4, Us),
m = [mya, My3, Mag, M3y, M35, Mygs]. We find the unique solution with given six
values m;; in case of nonzero determinant (general case). We find e.g. with ¢} =

—1, t5 = —1 and free parameters 5,5 the determinant to be equal 216(—4t3 —

487 + 45ty + 5(t5)"] + 5t5(19)* — 5(t5)*(1])* — (£2)°(11)* — (£2)*(19)* + (3)*(2})°
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and we can find the unique solution of our problem e.g. with t* = [-1,3, —1],
t5 = [~2,—1,4].
In the special case with V; = [-1,0,2], V5 = [0,—1,2] (V3 is center of edges

V1V, VoVs—as in Fig. 4b and frequently used triangulations) we obtain the system
of relations

508 -100-12 0 0 0 0
058 0 -10 0 —12 0 0 0

0716 0 1 0 0 —18 0 —6 0 lV]:U
70161 00-18 0 -6 0 0 |L™

0
77321 1 6-24-240 0 —6

We find the determinant with columns corresponding to parameters v; equal
to zero—the problem with 1D MYV prescribed for all sixz edges has not a unique
solution with quadratic polynomial in general. The problem has a solution under
condition myy —my3 —Mag = Mys — M3y —mgs only (mistake in [7]), or with given
5 values m;; and one from parameters s;, v;.

Let us discuss the solution of such problem with quadratic splines. With vectors
v = [v;, i = 1:5], s = [s1, 89, 84, 55] and barycentric coordinates t* = [t],3, 3],
t5 = [t3,15, 3] of vertices Vj, Vi related to the triangle ViV,V3 we can write the
spline CC as

—tt —t3 3141 0] ltg t 0 —1]
v+4 s =0. 20
[—ti’ —153t301 Bt -1 0 (20)
Let us mention that the CC are independent on parameters sz, s¢—they appear
in CI only.
The CC in special case with t* = [—1,0,2], t° = [0, —1, 2] we can write as
10610 0101
[01601]"_4[1010]8' 1)

When we add 6 CI with given 1D MV m;;, we obtain the system with full rank
(8,11)-matrix. With six m;; we can choose three free parameters from s;, v; — the
dimension of the corresponding spline space is equal to nine ! The discussion of
the solvability of that system gives the result that we obtain the unique solution
with each from all 20 triples of values s; and with 8 triples of values v; which are
not located in the vertices on one line.

In the (v,m)-LR we can write the CC with vectors v = [v1, vg, v3, vy, vs],
m = [my3, Mag, M3y, M3s] (independence on mys, mys) in the general case as

—t1 —t32t3 10 tht3 -1 0
[—ti’ ool YT pg 0 1|0 (22)

With given six m,; we have again three free parameters v;,—the dimension is
equal to nine. We can see that we do not obtain unique solution in cases when
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prescribed parameters v; correspond to three vertices which are located on one
line.

Statement 3. For two triangles with common vertice only and given siz 1D
MV m;; there exist quadratic MVI splines. The dimension of such spline space
is nine. We obtain the unique solution e.g. with triples of free parameters v; for
vertices not located on one line and for any triple of free parameters s;.

In all solvable cases mentioned above we can choose free parameters accord-
ing to our needs (known FV or MV, boundary conditions) or to use them to
optimization purposes - we usually minimize some functional or norm of local
parameters. In case of minimization of 2-norms we can easily use pseudoinverse
solution of CC+CI.

Remark: Quadratic spline—one quadratic polynomial ?

The space of quadratic polynomials is a subspace of the space of quadratic splines
with the dimension equal to six—so we can expect the existence of MVI quadratic
polynomial for our problem with six CI. In the case of two triangles with the
common edge we have found the dimension of the spline space equal to seven.
To ensure that both quadratic patches belong to the same quadratic polynomial
it is enough to add one CC—e.g. equal derivative in the direction V3Vj in the
common edge midpoint S3. Another possibility is to prescribe sixth CI-—1D MV
along V3V (see [1]).

3.3 Adding neighbouring triangular patch

Let us have given the quadratic patch over the triangle V1V5V3 and the neigh-
bouring triangle V1 V5V, with 3 parameters vy, m14, moy. Can we find a quadratic
MVI patch over triangle V1 V3V, such that both patches form a quadratic spline ?
Similar problem we can state for the case of triangles with common vertex only
and 3 free parameters.

When we consider in the first problem the CC (10) with free parameter vy, we
can compute uniquely any from couples vy, my4], [V, Ma4], [M14, Moy (nonzero de-
terminants) — but we cannot compute v, only from given my4, mo4. In the second
case with CC (22) and parameters vy, vs, m14, Maog We can compute uniquely both
[s4, S5] or [mg4, m3s] from the remaining given seven parameters (solvability does
not depend on free parameters mjz, mys.)

Statement 4: Given quadratic patch we can extend as quadratic C*-spline to
the neighbouring triangle
— uniquelly in case of common vertex only from given values mgy, M35 (Vg, Us
computed from CC);

— uniquelly in case of common edge and given value vy (Mmyy, Moy computed from
CC); no solution is here with given miy, Moy in general.

Remark: The above result gives an example of the set of triangles with pre-
scribed 1D MV along edges for which exists MVI quadratic spline interpolant—
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any set of triangles generated from the “mother triangle” with “blossoming”
through the vertices without contact with the neighbours (the dimension is grow-
ing with each new triangle about one). More difficult situation is with the set of
triangles generated from mother triangle with “flaps” along the vertices.

4 Simple triangular complexes

We can add to any couple of two triangles discussed above some another trian-
gles with common edges or vertices and with given 1D MV along some vertices
and to discuss the solvability conditions of the 1D MVTI problem with quadratic
polynomials or splines on such or more general complexes of triangles.

With quadratic polynomials we cannot expect solution for complexes with m;;
given in more than six edges in general. Yet for three triangles from Fig. ba with
7 edges we obtain the solution e.g. with ms computed from another six CI, but
we cannot compute so mos in general. The more general result for higher degree
polynomials (depending on the number of vertices) can be found in [1].

Using quadratic splines we have also to obey the C'-smoothness of the spline
patches over such complexes. For simple triangulations with one interior vertex—
called “cells” in [12]—we can deduce from the results published here the expres-
sion for the dimension of the corresponding spline space Si as

dim(Sy) =3+ E; +(3—¢e); (23)

with E;—the number of interior edges, e—the number of of interior edges with
different slopes attached to interior vertex. For the triangulated regular polyhe-
drons H,, with T =n, V =n+1, E = 2n we can find then dim S3(H,) =n+ 3
for odd n, dim S3(H,,) =n+3+ (3 — k), for even n = 2k. So we have the result
dim S3(H,,) = n + 3 for n > 3.

4.1 Three triangles—general and special cases

Let us consider the case of three triangles with two common edges as in Fig. 5a.
We can use the foregoing results and write six CC for the connections of two
pairs of triangles with the common edge and one with the common vertice.

For the local parameters (see Fig. 5a for numbering) v = [vq, v, v3, Uy, V5],
m = [myg, Mg, Mag, May, Mas, M35, Mys] we find dependent two CC correspond-
ing to triangles with common vertex only (for the geometric interpretation see
[4]—common derivatives along the edges V3V3, V5V5) and we obtain so four inde-
pendent CC

—t5—t30 263 1 0 3t3 0 3t3 0 0 —3
t5 250—t3 1 35 0 0 3t -3 0 0 v
0 —t31—t323 0 0 0 0 3t3-333||m
0 2631 —3—t3 0 0 —=33t33t3 0 0

=0 (24)
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v3

v s v=2 s2 v3

Figs Ha, 5b

with the components of vector t® of barycentric coordinates of the vertex Vs with
respect to triangle V11 V5, and t3 for V3 in triangle V5V,V,. We have 4 equations
with 12 parameters —the dimension of the MVI spline space is eight in general.

To obtain the solution with given seven m,; and one v; in general, we need to
have nonzero determinant from remaining four columns. It is valid for configu-
rations
— 7 =1, V5 not located on lines V1 V5, V1 Vy;

— 7 =2,V5 not on lines V; V5, VoV, V3 not on VoVy;

— 7 =3,Vs not on VLV, V3 not on VoV, €5/t5 = t3/t3;
—j =4, Vs not on ViV, VaVi; Vs not on VaV;

— 7 =25,V5 not on V; V5, VoVy; V3 not on V, Vs .

Similar configuration of three triangles we obtain when we delete one triangle
from the general triangulated quadrangle with ViVoV3Vy with the internal vertex
Vs not located on lines ViV3, VoVy .

In the case that the triangles with the common edges form a quadrilaterals (see
Fig. 5b—half of the regular hexagon) we have t3 = [1,1, —1] = t3, t2 = [0, —1, 2]
and the CC form the system with four independent CC only—

1-102 1 0 -30 3 0 0 =3
120-11-30 0 3 -30 0 v
0-111 2 0 0 0 0 3 -3-3||m
0211-10 0-3-33 0 0

=0. (25)

We find all five (4,4)-subdeterminants from the first five columns to be nonzero.
The dimension of the spline space is eight again. We can prescribe all 7 values
m;; and any v;.

Similar special case we obtain when we delete from the quadrilateral with two
diagonals one of four triangles (see Fig. 6b). The previous result and detailed
analysis give us the result, that there is not solution with 7 m;; and any v;,
Jj € {1 : 5} in general—the solvability condition is now —mjy + mys + mos =
—M3q + M35 + Mys.
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But when we use the CC (13) in (s,m)-LR, we find that there is the unique
solution with Tm;; and any free parameter s;, i € {1:7}.

The foregoing example is a special case with the edges on the common lines
(called as degenerate case in [12], [13], [10]).

Statement 5: The dimension of our spline space is equal to eight for vertices
in general position. Such a 1D MVI problem has the unique solution with pre-
scribed 7 values m;; + some v;, j € {1:5} under conditions discussed above. In
special cases (degenerate—one triangle deleted from triangulated equilateral, one
half of hexagon) the dimension of the spline space is also equal to eight and we
can find a solution with seven m;; and one proper free parameter v; or s;.

An example of such spline interpolating data v, = 2, m = [1,2,3,2,4,6,8] is
plotted in Fig. 6a.

V2 v

Figs 6a, 6b)

In all examples with three triangles discussed till now the dimension of the spline
spaces was eight—we have obtained different patches over different triangles in
general.

4.2 Four triangles

Let us consider the case of the triangle V1V5V5 with flaps to each of three edges
as in Fig. 7a. With nine edges now we cannot expect to find the quadratic
polynomial interpolating 1D MV along all edges. We can try to search for MVI
polynomial with six CI (e.g. along the boundary—some special cases will be
mentioned in the following).

For the discussion of such MVI problem with splines, we can expect with two
new CC and three new parameters the dimension of the spline space to be nine.

Let us denote t*,t% t® the vectors of barycentric coordinates of the vertices
Vi, Vs, Vg with respect to the triangles VoV Vs, ViVaVy, ViVsV,. We can write
down three pairs of CC (10) for the triangles with a common edge and three
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s5 s6
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Figs 7a, 7b

pairs of CC (20) for triangles with common vertex (with adequate changes of
indexes corresponding to numbering in Fig. 7a). When we discuss in detail these
last three pairs of CC, we find them again dependent on the first three pairs of CC
(as the technique of BB-nets helps us to understand and forecast it). So we have
6 CC with 6 parameters v; and 9 parameters m;;. The determinant of the CC
matrix with the columns corresponding to six LP v; is equal to 27(¢5t5t5 — t1t3t9).
We can deduce from it the following

Statement 6: The MVI problem for four triangles connected along edges as
in Fig. Ta and with prescribed mean values along all nine edges has the unique
solution under condition t5t5t5 # t1t3t only (with b.c. t*,t5,t% w.r to triangle
ViVoVi this condition is t3t5t$ # t1t5tS). So to each couple of vertices Vy, Vs we
can find the vertex Vg such that the MVI problem has not solution in general.
The dimension of the spline space is equal to nine.

The above solvability condition is not fulfilled in the most cases with some
symmetry—Ilet us to see some frequently used cases.

For the special case of the uniform triangulation A(2) of the triangle (see
Fig. 7b) we have t* = [1,1,—1] = t®> = t. When we write six CI with LP
M1a, M13, Mag, Mas, Mag, Mse (3 on the boundary, 3 inside) for the quadratic poly-
nomial, we find the solution only under two conditions

Mag + Mys = Mag + Myg, Moz + My5 = M1z + Mse -
For given six 1D MV along the boundary we find the solvability condition
Mg + Mog + Mgs = M5 + Moy + Miag.

We can find quadratic polynomial interpolating four m;; and two v; in 144 from
the total of 225 cases (e.g. with two internal m;;, no e.g. with two MV’s along
parallel edges). There is no quadratic polynomial interpolating any six or five
such values m;; in general.

The LIS for the 1D MVI polynomial problem on the A(2)-triangulation consists
from 74 groups of siz edges (chosen from all 9 edges), where are not omitted
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3 my;:

a) from edges on parallel lines (3 variants),
b) in one triangle (4 variants),

c) m1s, Msg, Mag and symmetric two cases.

We mentioned the dimension of the spline space to be nine. When we use
the (v,m)-LR and write six CC with 6 parameters v; and 9 parameters m,;,
we obtain with v = [vy, - - -, vg], M = M2, M3, Mg, Mg, Mag, Moy, Mas, M35, M3g)
and matrix A,

2 -111003 -3-300 0 0 0 O
-12 11003 0 00-3-30 0 O
1 -120100 -3003 0 0 -30
1 2 -1010-3 0 003 0 -30 O
21 -10010 3 00-30 0 0 -3

the system Ayp[v, m]T = (0. We find the matrix corresponding to parameters v;
to be singular and the MVI problem with given 9 parameters m;; to be solvable
in general only under condition

Mg + Mos + M3 = Mye + Maog + M3s5.

But we can find the unique solution of the problem with given

a) & internal and any 5 boundary values m;; + any v; ;

b) 6 boundary parameters m;; and 3 free parameters s, ss;v; (but no with
S1, 82,83 O V1, U2, V3 ).

In both general and special cases we have obtained the spline space dimension
equal to nine—we could use free parameters for some another (e.g. optimization)
purposes. The results obtained in the discussion of foregoing examples allow us
to claim the summary in the following

Statement 7: The dimension of quadratic splines space over the uniform
A(2)-triangulation is nine. But there is not a unique solution of the 1D MVI
problem in general with given nine 1D MV’s along all 9 edges—one m;; has to
be computed from the solvability condition mentioned.

There is the unique solution with given eight m;; (5 on the boundary + 3 inside)
+ one v;.

In the problem with six M'V’s given along 3 inner and 3 outer edges we can find
solution with 3 additional free parameters s;,v; (no e.g. si, S, S3 0T V1,Va,Vs3).

5 Clough—Tocher triangle

Let us have the triangle V15 V3 divided into three triangles with internal vertex V
as in CT element known in FEM method (see Fig. 8 a) for parameters numbering).
Frequently the special case of Vj as the center is considered. In the discussion of
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CC+CI we will use now the results from the foregoing sections and [4],[6]-[8]. We
have learned that as for the polynomials and for the splines the space dimension
is equal to six now.

% ~ ~ %
N 2 a Voa =3

Figs 8a, 8b

5.1 One quadratic MVI polynomial

With barycentric coordinates V = [t1, t2, t3] in the triangle V;V5V3 and LR (v,s)
we can write the CI (after some eliminations) as the system of six equations for
parameters vy, vy, U3, S1, S, §3 with regular matrix.

Statement 8. The MVI problem on CT split of triangle with prescribed 1D
MYV along all sixz edges has unique solution in the class of quadratic polynomials.

Remark: This result follows also from the more general Theorem 12.1 in [1].

5.2 MYVI quadratic spline

Let us consider the case when for the MVI interpolating spline on CT trian-
gle the values v; and the one-dimensional mean values m;; over edges are used
as local parameters. Using relations (4) we can write the four independent CC
now with vectors v = [v1, vg, U3, V4|, M = [y, M3, M4, Moz, May, Ma4]” and vec-
tors t1,t2, t3 of barycentric coordinates of the vertices Vs, Vi, Vs with respect to
triangles ViVaVi, ViVsVa, ViVsVy as

—t3 —t3 1 2t 0 0 3t 0 3t; -3
—t 25 1 —t1 3t 0 0 —33t} 0 v
1 —t222 2 0 =3 0 3t2 0 32| |m
205 1 —t3 —3 -33t33t3 0 0 0

=0. (26)
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With the barycentric coordinates t = [t1, to, 3] of the vertice V; with respect to
the triangle V4 V2V3 we can write the matrix of CC (26) as

i 2 otz 2 0 0 —=3t1 0 =3ty —3t3

1 =2ty t3 —1-3t; 0 0 —-3t3 3 0

i1 ta 2031 0 =3t 0 =3tz O 3
—2t; to  ty —1 =3ty —3t3 3 0 0 0

(27)

In the special case with V} as centroid we have t; = ¢, = t3 = 1/3 and the CC
have simple form

1 1.1 6 0 0 -30 —-3-3
1 -21-3-30 0-39 0 v
1 1 -2-30-30-30 9 m
-21 1 -3-3-39 0 0 0

~0 (28)

We can consider as prescribed parameters all six 1D mean values m;; and to
compute from CC (27) (with determinant equal to —27t;t5t3)

v1 = maa + mag + mag + [(1 — t3)(maz — mag) — (1 — to)may] /11,
Vg = Mg + Mag + Mag + [(1 — to)maz — (t2 + t3)mas + tymay)/to,
U3 = M3 + Mag + Mmgs + [(1 — t3)maa — (t2 + t3)mag — (1 — t2)maa] /s,

Vg4 = M4 + T2y + ms3q4 — (1 — t3)m12 — (1 — tg)mlg + (tg — t3)m23.

Now we can use (v, m)- LR for each quadratic patch separately (the LP s; can
be computed from v;, m;; if needed).

Statement 9: There is a unique quadratic spline with prescribed sixz values
my; on CT triangle. The dimension of the corresponding spline space is six.

Remark. In case of V; = [1,1,1]/3 (barycenter) we obtain specially

Uy 1 1 1 2 —2-=2
v 1 2 =2 1 1 -2
012’) =| 5 1 9 1 -9 1 (M1, M1, Mg, Moz, Mag, msa]” . (29)
V4 ~2/3-2/3 1 —2/3 1 1

Also the mixed problem with prescribed parameters vy, vg, U3, My, M1z, Mo i8S
uniquelly solvable - with ¢; = 1/3 we obtain for the remaining parameters

Uy -3 -3-3666

1 _ —
mig | _ 2 1 —2-2552 [U17U2,03,m12,m13,m23]T
Moy 9|1—-2 1 —2525

T34 —2-21 255

(30)
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5.3 Quadratic MVI spline over CT triangulation
is quadratic polynomial

We have mentioned in the foregoing subsection that (also as in (23) and 2D MVI
or FVI problems—see [6]-[8]) in all cases on CT triangulations we have obtained
the dimension of the spline space equal to six—the same as for unique quadratic
polynomial.

Statement 10. All three patches of the MVI quadratic spline on the CT
triangulation (with 1D or 2D mean values prescribed) belong to the same quadratic
polynomial over triangle ViVoVs .

Proof.  For the quadratic MVI polynomial with parameters v; = vy = v3 =
s1 = s4 = s¢ = 0 and quadratic spline with all six m;; = 0 we find in both cases
only trivial solution—and from it follows now P, = S;.

Another way of the proof can be the following: When we use (v,s)-local rep-
resentation of the quadratic polynomial and quadratic spline and compare the
the results e.g. for the values vy, $9, s5 (with the relations between parameters
mentioned in the foregiong subsections), we obtain identical results in six points
for both objects. Similarly in (v,m)- representation we obtain the same results
in computing values vy, mis, my3, o3 with the data from the polynomial or the
spline. The data vy, vs, vs, s1, S4, S¢ uniquelly determine both unique quadratic
polynomial and mentioned values m;; and also quadratic spline—both object
have to be identical.

For the 1D MVI spline we can use the above relation to compare the expressions
for vy, my4, moyg, m34 in quadratic spline and quadratic polynomial—we will find
them identical.

Remark: The result mentioned in Statement 10 is stated in [4]. In FEM inter-
polation theory the different CT element is used in problem with cubic polynomial
patches: different cubic patches form here C*-element.

5.4 Powell-Sabin split

Let us consider the in FEM well-known Powell-Sabin split of the triangle V; V5 V3
into six triangles (the vertices connected with the edge midpoints through the
center—see Fig. 8b). When we prescribe the 2D MV for each subtriangle, there is
not quadratic MVI polynomial—we have to prescribe one another local parameter
to obtain the solution (see [7]) .

For the MVI polynomial problem with given six 1D MV along six edges the
positive answer is not given in [[1], Th. 12.1], because the vertices are not “in
the general position” now. When we compute the FV in edge midpoints of
ViVs, VoV, V3V, as combinations of FV v;, we obtain the following system of
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equations
1 1 0 400] _’Ul_ _mlg_
0 1 1 040 Uy ma3
1 0 1 004 V3 mis3
1 —-1/2-1/2222 Uy =0 mis (31)
-1/2 1 -1/2222 Vs Mag
|—-1/2-1/2 1 222 |vg] | M3y |

with the regular matrix. This proves the following

Statement 11. The 1D MVI problem on the PS split with prescribed values
m;; along siz edges mia, Moz, Mi3, M5, Mag, M3s has unique solution in the class
of quadratic polynomials.

For the analysis of such MVI problem with quadratic splines we know from
(23) that the space dimension is nine. We have now V =7, 7 =6, £ = 12 and
we can write 10 independent CC (4 around the center V7, 6 at the vertices Vj,

j=1:6)in (v,m)-LR, v =[vy,- -+, v7],m = [my, - - -, ma] (numbering from Fig.
8b) as
A, v+A,m=0 (32)
with matrices i i
11 0 4 000
11 0 -2000
0-10 2 206
02 0 2 20-3
01 1 0 400
Av = 01 1 0 —-200 |’
00 —-10 226
00 2 0 2 2-3
10 1 0 040
20 0 2 02-3]
[-3-30 0 0 00O O 0 0 0]
0 0 0-36-30 000 00
0 0 0 0-63 0 O0-60 020
0-60 0 0 9-60 0 0 0 O
A — o 0 0 0 0 0-30 0 0 0-=3
™10 0 0 0 0-3006 0-30
0o 0 0 0 0 0 0-6-60 3 0
o 0 0 0 0 0 0O 0O 0-69 -6
0 0-30 0 0O O O O0-=-3020
60 -69 0000000 0]

We can confirm now that the dimension of the spline space is equal to nine and we
can search for the “Lagrange interpolation set” (LIS) of nine from twelve) edges,
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for which the MV’s m; determine uniquely the remaining LP. Some computations
of determinants with columns from matrices A, A, result in the following

Statement 12. The MVI problem with prescribed nine one-dimensdional
mean values along edges of the Powell-Sabin split of the triangle has the unique
solution in 211 from the total 220 cases.

There is no solution in cases when
— we omit three mean values in one subtriangle (6 variants),

— we omit myg, My7, Moz and symmetric cases (8 variants).

There is the unique solution with given vy, vy, v3 and six values m;; along the
boundary.

There is no solution in general with given vi,ve,v3 and siz values m;; along
internal edges.

6 Triangulated quadrangle

v
VoL Vo Voo, =

Figs 9a, 9b

The general quadrangle we can triangulate into four triangles with some in-
ternal vertex (see Fig. 9b). We have mentioned the known formula (39) for the
dimension of the spline space, depending on the geometry of edges.

6.1 Triangulated rectangle (quadrilateral)

Let us have the rectangle (or quadrilateral) V3 V,V3V, divided with two diagonals
into four triangles with the common vertex V5, and denote s;, i = 1 : 8, v,
j = 1:5 the (unknown) function values in edge midpoints and vertices (for the
numbering see Fig. 9a).

With given six 1D MV along four boundary edges and two diagonals there
exists the unique MVI quadratic polynomial (consequence with Th. 12.1 in [1]).
We can find its parameters v = [v1, v, U3, Uy, Us], 8 = [81, S4, S5, Sg] €.g. from the
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regular system

110004 0 0 0 Mo
101040 0 0 0 mis
100101 4 0 0 Mg
011000 0 6 0 Mag
010140 0 0 0 lV]:6 Moy | . (33)
001100 0 0 4 L% May
131-14-40 —4 0 0
110 02-2-1-10 0
011 02-10 —2—1] L0

We can also obtain the unique solution with given mjs, mog, maq, Mm14, M1s5, Mas
and in symmetric cases (which correspond more exactly to our original problem).

Statement 13: There exist unique quadratic MVI polynomial over triangu-
lated rectangle with prescribed siz my;
— along four boudary edges and two diagonals,
— along four boundary edges and two neighbouring edges V;Vs.

To discuss solvability of such problem in the space of quadratic splines with
the dimension equal to eight we can write six independent CC with parameters
vV, m = [mlg,m15,m25,m14,m23,m45,m35,m34] as

10104 0 -30 0 0 0 =30
1010-2-30 6 0 -3 0 0 O
01014 0 0 -30 0 -30 0 [V]:0
1010-20 0 0 -30 6 0 -3
0101 -2-36 0 -30 0 0 O

(34)

Although the dimension of our spline space is equal to eight, the analysis of this
system gives us the following results:

Statement 14: The 1D MVI problem on the triangulated rectangle (quadri-
lateral) has dimension equal to eight;
— 4t has no solution with prescribed all 8 m;; in general,
— it has no solution with prescribed 7 m;; + 1 v;,
— it has the unique solution with 6 m;; +2 v; in 96 cases (e.g. with no four data
on two lines, two v; on the diagonal).

6.2 General triangulation of quadrangle

On the general triangulated quadrangle as in Fig. 9b with nondegenerate vertex
Vs and barycentric coordinates of the vertices V3 = [t3, 3 t3], V, = [t], 15, t3] with
respect to the triangle V5V5Vi, (Vs in the general position inside quadrangle—
no on common line) we find now six linearly independent CC (two around the
center, four around vertices) with 13 parameters v;, m;;. So we have only 7 free
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parameters in general—we confirmend the known result (see (39), [12]) that the
dimension of such spline space is equal to seven!
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1 TIntroduction

In this paper, we shall propose a fast method for finding a pair (u, A) € R™ x R™
that solves the linear system of algebraic equations called the saddle-point system:

(5%)()=() @

where the n X n matrix A is symmetric positive semi-definite, the m x n matrix
B has full row-rank and the vectors f, g are of the order n, m, respectively. We
shall be interested especially in systems (1) with n large, A singular, B sparse
and m much smaller than n. Moreover we shall assume that the defect of A, i.e.
Il = n —rankA, is much smaller than m. Systems of this type arise e.g. when
we want to solve quadratic programming problems with equality constraints [2],
mixed formulations of second-order elliptic problems [1] or if we use the fictitious
domain method to Dirichlet problems [4].

This paper is motivated by a class of saddle-point systems arising in wavelet-
Galerkin discretizations of separable elliptic PDEs. It is well-known that the
orthogonal compactly supported wavelets are defined on a bounded interval (or
a rectangular domain) via periodization [3]. Therefore they are a natural tool for
solving problems with the periodic boundary conditions. Other types of boundary
conditions (e.g. Dirichlet or Neumann) can be treated by means of the fictitious
domain method [7]. In this case, it is necessary to solve the saddle-point system
(1), where the diagonal block A represents the PDE and the off-diagonal block B
describes the geometry of the domain. More precisely, A is the stiffness matrix on
a new fictitious domain, where the periodic boundary conditions are considered.
On the one hand, it can happen that the matrix A is singular, on the other
hand, the periodic boundary conditions lead to the block circulant structure of A.
Since the circulant matrices are diagonalizabel by the discrete Fourier transform
(DFT), one can evaluate eigenvalues of A by using the efficient algorithm called
the fast Fourier transform (FEFT). This one does the situation much more easy
because it is possible to treat the singularity of A without greate computational
costs.

There are several basic approaches used for solving the saddle-point systems
(1). We turn our attention to the class of methods called primar (the Schur
complement methods, the range space methods or static condensation). The key
idea is based on eliminating the first unknown wu. If A is non-singular, we obtain
the linear system in terms of the second unknown A\ with the positive definite
matrix. Then the conjugate gradient method (CGM) can be used for computation
of the solution.

The situation is not so easy if A is singular because the first unknown u can not
be eliminated completly from (1). We obtain the (second) linear system in terms
of A\ and a new unknown, say «, that describes the part of u corresponding to the
null-space of A. The new linear system has again the saddle-point structure and
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its diagonal block is non-singular in many practical situations. Therefore we can
repeatedly eliminate the first unknown, now it is A, and we obtain the (third)
linear system in terms of a with the positive definite matrix. The resulting linear
system can be solved easily, e.g. by a direct method, since it is of the small order.
Let us point out that the CGM can be used during the elimination process in
order to compute the matrix and the right-hand side vector for the third linear
system without necessity to compute and store the diagonal block of the second
linear system. Although this method seems to be cumbersome, we shall propose
its efficient implementation with small memory requirements. In advance, we
shall show that even the fast implementation is possible, e.g. for the saddle-point
systems arising in the wavelet-Galerkin discretizations of PDEs as mentioned
above.

The paper is organized as follows. In Section 2, we summarize theoretical results
concerning existency and uniqueness of the solution to the saddle-point systems
(1) and elimination of the first unknown in the case of singular A. A general
form of the algorithm for solving the saddle-point system (1) is proposed in
Section 3. A fast implementation based on the use of the FFT and the Kronecker
product is described in Section 4. Finally, Section 5 presents results of numerical
experiments.

2 Preliminaries
Let us denote the null-space of B by
N(B)={veR": Bu=o}
and the range-space of B by
R(B) ={p € R™: = Bu}.

Lemma 1 Let A be symmetric positive semi-definite. Then v € N(A) iff
vTAv =0.

Proof. The proof follows from the fact that R(A) is the orthogonal complement
to N(A). O

Theorem 1 The saddle-point system (1) has a unique solution iff
N(A)NN(B) = {o}. (2)
Proof. There is a unique solution to (1) iff the homogennous saddle-point system

Au+ B\ = o, (3)
Bu = o, (4)
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has only the trivial solution (u,A) = (0,0). Let us suppose contradictorily to
(2) that v € N(A) NN (B), v # o. Then the pair (v,0) is the non-trivial
solution to (3), (4) so that the assumption (2) have to be neccessarily satisfied.
In order to prove sufficientness of (2), we multiply (3), (4) from the left by u ',
AT, respectively. A simple manipulation gives u' Au = 0 so that u € N'(A) by
Lemma 1. In view of (4), we have u € N'(A) NN (B) and (2) implies u = o. This
one reduces (3) to B'\ = o and, because of full-row rank of B, we obtain A = o.
O

We shall assume that A in the saddle-point system (1) is singular with [ =
dim N (A), I > 1. Consider a [ x p matrix N whose columns span the null-space
N(A) and denote by AT a generalized inverse to A that satisfies

A= AATA. (5)

Let us point out that AT is not determined by (5) uniquely. The following remark
shows that we can easily find symmetric positive semi-definite AT.

Remark 1 Any symmetric positive semi-definite matrix A can be factored into
a product LDL" with non-singular lower tri-diagonal L and diagonal D =
diag(dy, ..., d,), see [5]. Let us define D = diag(d}, ..., d!), where dl = 1/d; if
d; # 0 and d} = 0if d; = 0. It may be verifed directly that At = (LT)='DIL~!
is symmetric positive semi-definite and satisfies (5).

Theorem 2 Let us assume that (2) is satisfied and AT is symmetric positive
semi-definite. The second component \ of the solution to (1) is the first compo-
nent of the solution to the linear system

BATBT —BN AN\ [ BATf—g (6)
~NTBT 0 al) ~NTf -
The first component u of the solution to (1) is given by the formulea

uw=A'(f —B"\) + Na. (7)

Proof. First we shall prove that there is a unique solution to (6). Under our
assumptions, it is easy to show that BATBT is symmetric positive semi-definite
and —NT BT has full row-rank. Therefore (6) is again the saddle-point system
of the type (1). Let us have y € N(BATBT) NN (—NTBT) and denote v =
BTu. Because of N'v = o, v belongs to R(A) so that v = Aw. Furthermore
u"BATBT 1 = 0 yields

0=0v'Afv =wTAATAw = w ' Aw.

According to Lemma 1, we obtain w € N(A) so that v = o or equivalently
B = o. The last equivality gives i = o because B has full-row rank. Hence
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N(BATBTYNN(=NTBT) = {0} and Theorem 1 implies that there is a unique
solution to the saddle-point system (6). It remains to prove that the pair (u, A)
satisfying (6) and (7) is the solution to the saddle-point system (1). It may be
directly verified by substituting (7) and then (6) into (1). O

The algorithm proposed in the next section is based on the previous theorem.
We shall confine ourselves to situations in which BATBT is non-singular. The
sufficient condition guaranting this property is proved in the following theorem.

Theorem 3 (i) The matriz BATB" in (6) is symmetric positive definite if
N(AN)NR(BT) = {o}. (8)

(ii) If AT is the Moore-Penrose pseudoinverse to A then (8) is equivalent to
N(A)NR(B') = {o}. (9)

Proof. Denote v = BTy for i # o. Because of v # o, the relation (8) yields
v & N(AT). Using Lemma 1 for AT, we obtain

pw BATB y=v"ATv >0
so that the statment (i) holds. The statment (4i) follows from the fact that if A
is the Moore-Penrose pseudoinverse to A then N'(A4) = N (A"). O

3 Algorithms

In this section, we shall propose an algorithm for solving the saddle-point system
(1) with singular A. First we recall the well-known algorithm for the case of
non-singular A that specifies a bound for efficiency of our algorithm. We shall
asses computational costs both algorithms by means of floating point operations
(flops) that are perfomed in matrix-vector multiplications.

3.1 Algorithm for the non-singular case

Let us consider the saddle-point system (1), i.e.

Au+ B\ = f, (10)
Bu = g, (11)

where A is non-singular. We can express u from (10),
u=A(f - BTN, (12)
and substitute it into (11). We obtain the linear system in terms of A,

C\=p, (13)
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where C' = BA™1BT is positive definite and p = BA™'f — g. The algorithm for
solving (10), (11) can be divided into three steps:

Algorithm I
(a) Compute p.
(b) Solve (13) by mens of the CGM.

(c) Compute u from (12).

Denote n4-1 the number of flops to evaluate the matrix-vector product A~tv
and assume that n4-1 > n. Using sparsity of B, the matrix-vector products Bv
and BT can be evaluated by means of mp = O(m) flops. Then the computa-
tional costs of the steps (a) and (c) are 2(ny—1 +mp) flops. The main reason for
the use of the CGM in the step (b) is the fact that it requires one matrix-vector
product C'u per iteration which can be evaluated by the following procedure:

v:=DB"p, v:=A", Cu:= Bu. (14)

Since (14) requires na-1 + 2mp flops and the CGM terminates at most after m
iterations, the realization of the step (b) requires at most m(n-1 + 2mpg) flops.

Lemma 2 Algorithm I requires O((m + 2)na-1) flops.
Proof. The previous discussion shows that Algorithm I involves
(m + 2)TLA—1 + 2(m + 1)mB

flops. The proof follows from the fact that m is much smaller than n, mp = O(m)
and from the assumption n4-1 > n. O

3.2 Algorithm for the singular case

Let us consider the saddle-point system (1) with singular A and let us assume
that (2) is satisfied, i.e. there is a unique solution (u,\). The key idea of our
algorithm consists of the use of Theorem 2. At first we compute the pair (A, @)
solving the linear system (6) and then we evaluate u by means of (7). In order
to simplify the presentation, we introduce the following notations

C =BA'BT, p=BAf—g,
DZ_NTBT) q:_NTf7

where C' is the m x m matrix, D is the [ X m matrix, p is the m vector and ¢ is
the [ vector. Using the new notations, the linear system (6) reads as follows

(5%)(2)- () &
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Moreover, we shall assume that (8) is satisfied. Then C' is non-singular so that
we can eliminate the first unknown A from (15). We obtain

A=Cp—-D'a) (16)
and
Ea=r, (17)

where £ = DC~'D" is the positive definite [ x [ matrix and r = DC~'p — ¢ is
the [ vector.

Let us point out that, under our assumptions, D, E, p, ¢ and r are relatively
small and, on the other hand, C is large and non-sparse. Therefore we shall
propose the algoritm in such a way that its not neccesary to store C.

Algorithm I1

a.l) Compute D, p, q.

a.2) Compute F, r.

(
(
(a.3) Compute « solving the linear system (17).
(b) Compute A from (16).

(

¢) Compute u from (7), i.e. u= AT(f — B"\) + Na.

An efficient implementation of this algorithm is based on the following three
assumptions:

(A1) We shall assume that each of the matrix-vector products Afv, Na and
NTv can be evaluated by means of n 4+ flops, nat > n. We shall discuss
such multiplying procedures in Section 4.

(A2) Using sparsity of B, the matrix-vector products Bv and BT i1 involve mp =
O(m) flops.

(A3) The matrix-vector product C'yi can be evaluated by the following proce-
dure:
v:=DB"p, v:=Aw Cu:= B (18)

Using (A1) and (A2), it requires n i + 2mp flops.
Now we can asses computational costs of the individual steps of Algorithm II:

Step (a.1): The computations of D, p and ¢ based on (Al) and (A2) require
mmn 4+, Nt +mp and ny: flops, respectively.

Step (a.2): It is convenient to divide the computations of E and r into further
two steps:
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(a.2.1) Solve CX = D" and Cz = p by means of the CGM.
(a.2.2) Compute £ = DX and r = Dx — p.

The m x [ matrix X and the m vector x can be stored because they are
relatively small. Let us point out that the CGM is executed (I + 1)-times
in the step (a.2.1) and terminates at most after m iterations. Since each
iteration requires one matrix-vector product C'u evaluated by (18), the step
(a.2.1) requires (I + 1)m(nyt + 2mp) flops. The computational costs of the
step (a.2.2) are not significant.

Step (a.3): The computational costs of this step are not significant. The linear
system (17) can be solved e.g. by a direct method.

Step (b): The formulae (16) can be rewritten as
A=z—Xa,

where x, X are the results of the step (a.2.1). Then the computational
costs are not significant.

Step (c): This step requires 2n 4+ + mp flops.
Lemma 3 Algorithm II requires O((1 + 2)mn 4:) flops.

Proof. Summarizing the previous discussion, we obtain that Algorithm IIinvolves
(ml+2m + 4)nyr +2(ml +m+ 1)mp

flops. The proof follows from the fact that m is much smaller than n, [ is much
smaller than m, mp = O(m) and from the assumption n 4 > n. O

In this section, we shall show how to evaluate efficiently the matrix-vector
products Afv, Na and N v in Algorithm II provided

A=A, 1, +1,® A, (19)

where A,, A, are circulant symmetric positive semi-definite matrices, I, I, are
identity matrices and ® stands for the Kronecker product. The subscript z, y
denotes that the corresponding matrix is of the order n,, n,, respectively. Since
we shall use the FFT, we assume that n,,n, are powers of two.

Before we give multiplying procedures for A of the form (19), we introduce
them for the case of the circulant matrix.
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3.3 Circulant matrices and the DFT

The matrix A is called the circulant matriz if

ay ap ... a2

as a; ... das
A= | a3 ax ...a4 ,

Ay Ap—1 ... A1

i.e. each column of A is a cyclic shift of the column above to the bottom. Let us
denote the first column of A by a, i.e. a = (a1, as,...,a,) .

There are important conections between the circulant matrices and the DFT.
The DFT matriz is defined by F' = (w(kfl)(lfl))zylzl, where w = e7"?"/" is an nth
root of unity, i.e. w™ = 1. If v is the n vector, then its DFT is

b= Fu. (20)

If n is a power of two, then it is possible to evaluate (20) by the FFT with
O(nlog, n) flops [5]. In this case, we shall use instead of (20) the notation

U= fft(v).

Let us point out that F' is symmetric and fulfils F' F' =nl so that

1 __
= _I7. 21
! n ! (21)

In view of (21), the inverse DFT can be evaluated again by the FFT with
O(nlogyn) flops that shall be denoted by

v = ifft(0).
A relationship between the circulant matrix and the DFT is given in the lemma.

Lemma 4 Let A be the circulant matriz. Then
A= F'AF, (22)
where A = diag(a).

Proof. 1t is well-known that the Fourier transform changes translation operators
onto modulation ones [8]. The equality of columns in A = AF represents this
property. O

Let us point out that diagonal entries of A are eigenvalues of A and columns
of F~! are corresponding eigenvectors. Lemma 4 proves that eigenvalues of the
circulant matrix can be computed very cheaply by the FFT of its first column a
and, moreover, eigenvectors need not be computed at all because they are known
apriori.
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Lemma 5 Let A be the circulant matriz, A = diag(a) and let AT be defined so
that the non-zero entries of A are inverted. Then

Al = F7IATF (23)
s the Moore—Penrose pseudoinverse to A.

Proof. It is easy to verify that AT fulfils relations defining the Moore-Penrose
pseudoinverse, see e.g. [5]. O

Using the lemma, we can propose the multiplying procedure which makes pos-
sible to evaluate efficiently the matrix-vector product Afv:

Aplus_v (for the circulant matrix)

Input: a,v
1° v:=fft(v)
2° v := Al

3° Aly = ifft(v)
Output: Afv

Since AT is diagonal, the computational costs of Aplus_v are O(2nlog,n + n)
flops.

Recall that we denoted by N a matrix whose columns span the null space of A.
If A is the circulant matrix, we can suppose that /N is composed by eigenvectors
from F'~! coresponding to vanishing eigenvaluse of A, i.e. to vanishing entries of
a. In order to determine the positions of desirable columns of F'~!, we intorduce
the operation inds,

acR' <= w,:=ind;(a)c R",

so that the entries of o are put in v, onto the positions of zeros in a and the
remaining entries of v, vanish. Let us denote by imd%1 the reverse operation to
ind;, i.e.
o anAd—L
o = ind="(va).

It is easy to verify that
Na = Flind(a), (24)
N'v = ind-'(F o). (25)

The multiplying procedures for computations of Na and N v based on (24) and
(25) read as follows:
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N_alpha (for the circulant matrix)
Input: a,

1° v, = ind+(«)

2° Na = ifft(v,)
Output: Na

Ntranspose_v (for the circulant matrix)

Input: a,v

1° v:=ifft(v)

2° NTy:= indil(v)
Output: N v

The computational costs are O(n log, n) flops for both N_alpha and Ntranspose_v
because the operations ind; and ind%1 do not require any flops.

3.4 Kronecker product

Let us consider the matrices A, and A,, respectively. Their Kronecker product
(or tensor product) is defined by

y Y
a1 Az .. aipn, As
Y y
Up,1 Az o al, Ay

where aj, are entries of A,. In other words, A, ® A, is the n x n matrix (with
n = nyn,) whose the (k, [)th block is aj; A,. A relationship between the Kronecker
product and the matrix-matrix product is described by the following equality [5]:

(A, ® A))(B, ® By) = A, B, ® A B,. (26)
Let us point out that (26) implies
(A @A) '=A'® A;l (27)

provided non-singular A,, A,, respectively.

It is a very favourable feature of the Kronecker product that the matrix-vector
product (A, ® A,)v can be split into multiplications with the particular matrices
A, and A, respectively. To this end, we introduce the operation vec,

01
V=(v1,...,0n,) ER"™™ <= vec(V)=[ : | € R™™,

Un,,
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Denote by vec™! the reverse operation to vec, i.e. if v = vec(V), then V =
vec (v).

Lemma 6 It holds
(A, @ Ayv = vec(AxVA;),

where V = vec™!(v).

Proof. The proof follows comparing the right-hand sides of

T _ (9 Yy Yy
AVA, = (a1 Agor + .o+ aly, AeVng, - ap 1 Agvr + oo+ a%ynyAxvny)
and

y y

aj1Agvit ... tag,, Az,

(A, @ Ay)v = .

Y Y

anylevl—l— . —I—anynyAxvny

The lemma yields that (A, ® A,)v can be evaluated by two steps:

AxtimesAy_v

Input: A,, A,V :=vec *(v)
1°V:=AV
2°V:=VA)

Output: (A, ® Ay)v := vec(V)

Denote n4,, na, the number of flops to evaluate the matrix-vector products
Ay, Ayvy, respectively. Since vec and vec™' do not require any flops, the
computational costs of AxtimesAy_v are n,n4, + n,ny, flops.

3.5 Multiplying procedures

We shall combine the techniques from the previous two sections in order to ob-
tain fast multiplying procedures for the matrix (19). We shall use the following
notations: F}, F, denotes the DFT matrix of the order n,, n,, respectively; a,, a,
denotes the first columns of the circulant matrices A,, A,, respectively.

Lemma 7 Let A, A, be the circulant matrices and A = A, @1, + 1, ® A,. Then
A= F'AF, (28)

where F = F, @ F,, A=A, ® I, + I, ® A, A, = diag(a,) and A, = diag(a,).
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Proof. Using A, = F, "N, F,, A, = F'AyF, (see Lemma 4) and (26), we obtain
A=F '\ F, @ F,'Fy+ F,'F, ® F, '\, F, =
= (F;1®Fy71)(Aw®[y+Ix®Ay)(Fx®Fy)'

Then (27) proves the lemma. O

Let us point out that Lemma 7 is formally the same as Lemma 4. Therefore
the lemma analogous to Lemma 5 holds.

Lemma 8 Let A,, A, be the circulant matrices, A, = diag(a,), A, = diag(a,),
F =F,®F,, and let AT be defined so that the non-zero entries of A = A, @ I, +
I, ® Ay are inverted. Then

AT = F7IATF, (29)

is the Moore—Penrose pseudoinverse to A = A, ® I, + I, ® A,,.

Using the lemma, we can propose the multiplying procedure to evaluate the
matrix-vector product Afv that is analogous to Aplus_v for the circulant matrix.
Combining it with AxtimesAy_v, we obtain:

Input: a,,a,, V = vec !(v)
1° Vi.=1fft(V)
20 Vi=fft(VT)T
3° V= vec !(Afvec(V))
42V = ifft(V)
5° Vi=ifft(V)T
Output: Afv := vec(V)

Here, we suppose that fft and ifft are independently performed for the indi-
vidual columns of the matrices V or V', respectively.

Lemma 9 The multiplying procedure Aplus_v requires O(2nlog,n + n) flops,
where n = ngn,.

Proof. Recall that V' is the n, x n, matrix. The steps 1° and 2° involve

n, O(ny logy ) + 1, O(ny, logy nyy) = O(nlogyn) (30)
flops. The same flops are required by the steps 4° and 5°. Since A' is the diagonal
matrix, the step 3° requires n flops. O

Let us turn our attention to the matrix N whose columns span the the null
space of A. We start with an auxiliary lemma that makes possible to characterize
N by means of the Kronecker product.
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Lemma 10 Let A,, A, be the symmetric positive semi-definite matrices with
l, = dim N (A,), [, = dim N (4,) and I, > 1,1, > 1, respectively. Let N,, N, be
the matrices whose columns span the null spaces of A,, A,, respectively. Then

the columns of
N =N, ® N, (31)

span the null space of A=A, ® I, + I, ® A,.
Proof. Using (26), we obtain
AN = AN, ® Ny + N, ® AyN, =0® N, + N, ® 0 = 0.
The lemma follows from the fact that the number of columns [ = [,[, of N is the

same as dim N (A). 0

If A,, A, are the cirulant matrices, we can identify NV,, N, with the columns
of F,', F,/" corresponding to the positions of vanishing entries of @, a,, respec-
tively. To this end, we introduce the operation Indg ay

a

a€RY = V,:=1Ind; ; (a) € R,

so that the entries of o are taken as the entries of V,, with the row indeces corre-
sponding to the positions of zeros in a, and with the column indeces correponding
to the positions of zeros in a,. The remaining entries of V,, vanish. Let us denote
by Ind%j,ay the reverse operation to Indj 5 ,ie.

a = Ind='-~ (V).

Qg 50y

Using (31) and Lemma 6, it is easy to verify that

Na = vec(Fgc_lIndgx@y(oz)Fy_l), (32)
N'v = IndZ'. (F, 'vec ' (v) ). (33)

The multiplying procedures for computations of Na and N v based on (32) and
(33) read as follows:

N_alpha

Input: a,,a,, «
1° V, = Indg 2 ()
20V, = ifft(V,)
3° V, = iffe (V)7

Output: Na := vec(V,)
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Ntranspose_v

Input: @G, ay, V := vec ! (v)
1° V:=ifft(V)
20 Vi=iffe(VT)T

3° NTv:=1Ind~'~ (V)

Az ,Ay

Output: N v

Lemma 11 The multiplying procedures N_alpha and Ntranspose_v require O(nlog,n)
flops, where n = ngyn,,.

Proof. The computational costs are the same as (30) because the operations
Ind; 5 and Ind='~ do not require any flops. a

Ay az,Qy

3.6 Complexity of algorithms

Now we can asses the computational costs of Agorithm I and Algorithm II for
solving saddle-point system (1) provided A of the form (19). Using Lemma 9
and Lemma 11, we can suppose that both n,-1 from Lemma 2 and n,4: from
Lemma 3 equal to O(nlog,n). We obtain:

Theorem 4 Algorithm I for solving (1) with non-singular A requires O((m +
2)nlog, n) flops.

Theorem 5 Algorithm II for solving (1) with singular A requires O((I42)mnlog, n)
flops.

Let us point out that faster implementations are possible. Further acceler-
ations can be done in the general form of the algorithm as well as in its fast
implementation.

Accelerations in the general form of Algorithm II:

e The CGM is performed (I + 1)-times in the step (a.2.1). If it is done
parallel then the computational costs of Algorithm II can be reduced to
O(2mnlog, n) flops.

e The same acceleration can be achieved by using the CGM with multiple
right-hand sides in the step (a.2.1).

o If an “ideal” preconditioner in the CGM is used, then m iterations of the
CGM can be reduced onto O(1) iteratons. This one reduces the computa-
tional costs of Algorithm II to O(2nlog, n) flops.
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Accelerations in the fast implementation of Algorithm II:

e The multiplying procedures Aplus_v, N_alpha and Ntranspose_v involve to
carry out many FFT that can be done parallel. If we have to our disposal
k CP units, k < max{n,, n,}, then the computational costs of Algorithm II
can be reduced to O(2k~*nlog, n) flops.

4 Numerical experiments

4.1 Model problem
Let us consider the following PDEs problem:

—Au+cu=f inw (34)
u=g¢g ondw, (35)

where f, g are sufficiently smooth functions, ¢ is a non-negative value and w is a
domain with sufficiently smooth boundary. The numerical experiments presented
below are performed with w = {(z,y) € R?: (2/0.2)*+(y/0.3)2 < 1}, f(x,y) =1
on (—0.5,0.5) x (—0.5,0.5), f(z,y) = 0 elsewhere and g = 0.

We solve the problem (34), (35) by means of the fictitious domain method with
boundary Lagrange multipliers [4]. We plug w into the new rectangular domain
Q= (—1,1) x (—1,1), where we rewrite (34), (35) into a weak formulation. Then
we discretize the problem by means of the periodized orthonormal compactly
supported wavelets of the tensor product type [7]. This discretization leads to
the saddle-point system (1) with the stiffness matrix A of the form (19). If ¢ =0
then A is singular with [ =1 (= dim N (A)). If ¢ # 0 then A is non-singular.

All numerical experiments are carried out by Matlab. The tables bellow con-
tains the following informations:

n ... the order of A,

m ... the number of the rows in B,

time ... the CPU time in seconds,

CG_step ... the number of the conjugate gradient steps,

err_u ... the relative norm of the residual to the first part of (1),
err_\ ... the relative norm of the residual to the second part of (1).

The CGM has been terminated if the relative norm of the residual in the solved
linear system fell under the terminating tolerance tol = 10~%. The dependence of
the CPU time onto n, m and [ is in agreement with the statements of Theorem 4
and Theorem 5.
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n ‘ m H time ‘ CG_step ‘ err_u ‘ err_\ ‘
1024 64 0.03 13 4.5e-10 | 1.7e-5
2048 88 0.05 17 1.6e-10 | 1.1e-5
4096 128 0.06 17 2.2e-10 | 8.1e-6
8192 180 0.17 23 6.9e-10 | 4.4e-6
16384 | 256 0.28 21 9.8e-10 | 3.6e-6
32768 | 360 0.67 27 2.9e-10 | 1.9e-6
65536 | 512 2.27 27 4.5e-9 | 1.0e-6
131072 | 716 7.22 35 1.3e-8 | 6.9e-7
262144 | 1024 || 14.72 34 1.9e-8 | 3.9e-7
524288 | 1432 || 35.70 45 5.3e-8 | 2.4e-7
1048576 | 2048 || 65.56 41 7.8e-8 | 1.4e-7
2097152 | 2868 || 173.53 54 2.2e-8 | 9.1e-8
4194304 | 4096 || 337.95 48 3.4e-8 | 4.2e-8

Tabulka 1: The reults of Algorithm I, i.e. ¢ = 1.

n ‘ m H time ‘ CG_step ‘ err_u ‘ err_\ ‘
1024 64 0.06 10+16 | 1.8e-10 | 3.4e-5
2048 88 0.08 14421 | 5.5e-10 | 1.1e-5
4096 128 0.13 13421 | 1.0e-10 | 1.0e-6
8192 180 0.30 20429 | 2.8e-10 | 6.6e-6
16384 256 0.48 18425 | 4.3e-10 | 2.6e-6
32768 360 1.20 25+33 | 1.1e-10 | 2.1e-6
65536 512 5.58 25433 | 1.8e-10 | 1.4e-6
131072 | 716 | 15.17 | 33443 | 5.0e-9 | 7.9e-7
262144 | 1024 | 29.33 | 29438 | 7.6e-8 | 4.0e-7
524288 | 1432 || 73.41 | 43+53 | 2.0e-8 | 2.5e-7
1048576 | 2048 || 133.75 | 38+49 | 3.2e-8 | 1.be-7
2097152 | 2868 || 347.41 | 50462 | 8.0e-8 | 8.0e-8
4194304 | 4096 || 655.00 | 42457 | 2.7e-8 | 3.1e-8

Tabulka 2: The reults of Algorithm II i.e. ¢ = 0.
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4.2 Preconditioning

We can use the precondioned CGM [5] in Algorithm II and Algorithm I. Let us
point out that the linear systems with the matrix

C = BA'BT

are solved, where that the matrix C' is not assembled. Moreover, B is sparse
and A has the special structure. These facts give restrictions on an appropriate

selection of an efficient preconditioner M.
We have tested three preconditioners:

e Preconditioner I:
M~ = (BN ABT

e Preconditioner II:

M~'=BAB"
e Preconditioner III: o
M~ =BABT,
where only entry Bij is non-vanishing in the i-th row of B so that

j = round (Z kb / Z bir),
k=1 k=1

k=1

c=1 c=0
n m || time(sec.) | CG steps || time(sec.) | CG steps
1024 | 64 0.13 7 0.20 7+10
2048 | 88 0.28 9 0.55 8+12
4096 | 128 1.09 9 2.16 8+12
8192 | 180 3.31 12 6.61 10+15
16384 | 256 20.02 13 39.83 10+16

Tabulka 3: Preconditioner 1.
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c=1 c=0
n m | time(sec.) | CG steps || time(sec.) | CG steps
1024 64 0.06 7 0.09 7+11
2048 88 0.08 9 0.11 8+12
4096 128 0.09 10 0.16 9+13
8192 180 0.19 12 0.30 10+15
16384 | 256 0.31 14 0.53 11416
32768 360 0.64 14 1.19 12+18
65536 512 3.64 18 6.45 14+19
131072 | 716 7.75 19 15.94 16+23
262144 | 1024 17.63 21 32.56 18+4-23
524288 | 1432 37.11 24 73.06 20+28
1048576 | 2048 75.83 24 149.89 21+28
2097152 | 2868 184.80 29 351.07 25+31
4194304 | 4096 406.88 29 754.59 25+32
Tabulka 4: Preconditioner I1.
c=1 c=0
n m | time(sec.) | CG steps || time(sec.) | CG steps
1024 64 0.05 8 0.06 12+11
2048 88 0.06 12 0.11 16416
4096 128 0.11 11 0.20 15+15
8192 180 0.22 15 0.36 18418
16384 | 256 0.39 15 0.78 18+18
32768 360 0.81 19 1.73 21+22
65536 512 4.30 19 10.05 21+23
131072 | 716 11.28 22 24.06 26+28
262144 | 1024 23.16 23 50.05 25+28
524288 | 1432 52.52 25 114.55 29+29
1048576 | 2048 120.08 26 255.72 29+30
2097152 | 2868 296.05 29 627.92 33+33
4194304 | 4096 717.33 31 1591.95 35+35

Tabulka 5: Preconditioner II1.
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33.5 MB

4 MB
0033MB_ Hmm

ANBf g DpXa N u fft2d
Obrazek 1: Memory requirements.

4.3 Memory requirements

The memory requirements for the problem with n = 4194304 and m = 4096 are
shown in the graph of Fig. 1.
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1 Klasicka formulace

Uloha s oboustrannym kontaktem a nemonotonnim t¥enim je tiloha rovinné na-
pjatosti s klasickymi okrajovymi podminkami, s podminkou oboustranného kon-

taktu a dale s nemonotonnim tfenim.
Oblast 2 = 100 mm x 10 mm a rozdéleni hranice 02 na c¢asti I'y;,I'p a I'¢

vyplyva z obr. 1.1.

Fp - P

AT Q.

obr. 1.1

Téleso je z homogenniho izotropniho materidlu, jehoz deformace vede na tilohu
rovinné napjatosti s modulem pruznosti £ = 2.110° N/mm?, Poissonovou kon-
stantou o = 0.3 a tloustkou ¢ = 5 mm. Téleso je upevnéno na Casti hranice I'y,

t.j. jsou zde predepsana nulova posunuti v obou smérech:

u;=0 naly, i=1,2. (1)

7
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Na ¢asti I'p ptisobi zatizeni T = (P,0), kde P € (L*(T'p))?, P > 0 s.v.na I'p
(viz obr. 1.1):
Ty =P nalp. (2)

Predpokladejme, Ze objemové sily jsou nulové.
Na casti I'c lezi na tuhé podlozce. Budeme uvazovat oboustrannou kontaktni
podminku:
uy; =0 nalc. (3)
Dale na I'c predepiseme podminku nemonotonniho treni, budeme uvazovat tii
typy tfeni (viz obr. 1.2):

~

—T1(z) € b(uy(x)) releo. (4)
Typ I Tilr.
b
g
U1|T e
Tilr Typ III Tilre 4
Typ II " b b
9
g2 — g2
ha U1|r, ha U1|r,
obr. 1.2
Okrajové podminky (1)—(4) jesté doplnime o systém rovnic rovnovahy:
O0Tij
) o va i1, (5)
8mj

Tenzor napéti {7;;(u)}7,_,

pomoci linearniho Hookeova zakona:
Eo

T = Tzt

je svazén s tenzorem malych posunuti {e;;(u)}7,_,

€ij(u)7 Z,j = 1, 2. (6)
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Zde ¥ := g;;(u) je stopa tenzoru {e;;(u)};,;_; a 0;; je Kronekertiv symbol.
Klasickym resenim tlohy s nemonotonnim tfenim a oboustrannym kontaktem
nazveme pole posunuti u = (uq, ug) spliujici okrajové podminky (1), (2), (3), (4),

rovnice rovnovahy (5) a linedrni Hooketiv zdkon (6).

2 Slaba formulace

V tomto odstavci zformulujeme tilohu pomoci hemivariac¢ni rovnice.
Zavedme nejprve tato oznaceni:

V ={ve (H(Q)?v=0naTy, v,=0naley}
a(u,v) = /QTij(u)Sij(U) dx,
L(v) = Puvds.

I'p
Slaba formulace Glohy s nemonotonnim trenim a oboustrannym kontaktem je
dana nasledujici hemivariac¢ni rovnici:

Nalézt (u,Z) € V x L*(T¢) takové, Ze
a(u,v) + Jro Eviday = Lv) YveV (7)
E(x) € b(uy(z)) pro sv. x €.

3 Diskretizace

Nyni popiseme konstrukci déleni 2 a I'c a volby kone¢néprvkovych prostort, ve
kterych poté hledame feseni aproximované hemivaria¢ni nerovnice. Dale popiseme
aproximaci operatoru P a diskretizaci tlohy (7).

Necht {D;}, h — 0+ je systém reguldrnich triangulaci oblasti Q (viz obr. 3.1).

obr. 3.1

Oznac¢me V), prostor vSech spojitych, po ¢astech linedrnich vektorovych funkci
nad délenim Dy, ktery je aproximaci prostoru V:

Vh = {Uh == (Uhl,vhz)) € (C(ﬁ)y‘ Uh‘T € (Pl(T))2 vT € Dh;
’Uh:Ol'laFU, vhgzonafc}.

Ozna¢me {x%}™  mnozinu viech uzlt déleni D), na ¢asti hranice [o\T'y. Pak
zbyvéa popsat konstrukei prostoru Yj. Necht x;:rl/ 2 je bod ve stiedu intervalu
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(2%, 27, i = 0,...,m — 1. Déleni 7), ¢asti hranice ['¢ je tvofeno tiseckami S;
i—1/2  _i+1/2 . , .
spojujici body ), / , xﬁf / , 1 =2,...,m — 1 s nasledujici ipravou pro krajni

prvky S; a Sy, (viz obr. 3.2):

Sy = [29, 237, Sp =[x 2.

obr. 3.2

Nad kazdym takovym délenim 7, definujeme prostor Y} vSech po ¢astech kon-
stantnich funkci, pficemz hodnoty v bodech {z}}, jsou stupné volnosti. Prostor
W, := 11V}, je tvoren spojitymi po c¢astech linedrni skalarnimi funkcemi nad dé-
lenim {z%}™,, jez nabyvaji hodnoty 0 v prvnim uzlu 29 € Ty Diky definici Y,
je také zrejmé, ze dim W), = dim Y},.

Zavedem zobrazeni P, : W) — Y} P} nasledujicim zptisobem:

m

Pu(wp) =Y wa(x))xs,(x1) wy € Wy,

i=1

kde xg, je charakteristicka funkce vnitiku .S;. Toto zobrazeni nahradi funkei wy, €
W, jeji po ¢astech konstantni Lagrangovou interpolaci nad 7, (viz obr. 3.3).

obr. 3.3

Pak tato diskrétni hemivariacni rovnice aproximuje ulohu (7):

Nalézt (up, =) € Vi, X Yy, takove, Ze
a(up, vp) + Jre EnPrvmdry = L(vy) Yup, = (Vn1, vn2) € Vi, (8)
En(z}) € b(Pu(upy)(z})) Yi=1,...,m.
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4 Algebraicka reprezentace

Nyni kratce uvedeme algebraickou podobu problému (8). Predpokladdme, ze
body {z%}™, tvori ekvidistantni déleni T'c. Ozna¢me dim Vj, = n, dim Y}, = m.
Nadefinujeme-li =; := ¢;=Z;, kde ¢; = 3/2h, co = -+ =¢,,_1 = h, ¢, = h/2, pak
1ze problém (8) zapsat v nésledovné:
Nalézt (u, BE) € R" x R™ takové, Ze
(A'U,, 'vA)]R" + (Ev A(’U))Rm = (fv U)R" Vv e R" (9)

Protoze bilinearni forma a je symetricka, zkonstruujeme diskrétni superpoten-
cional L, ktery je souctem kvadratické ¢asti a lipschitzovsky spojité perturbace
W, definované pomoci obdélnikové formule:

m Py (o) (a)
QMJ%Zth @ dt = (o). (10)
=1

Necht @ je primitivni funkce k funkci b:

Pak
U(v) = ch-q)((Av)i) .

Matice II reprezentujici operator H| ma nasledujici tvar:
Vi

(Opmx(n-m) Lmxm)) -
pokud x;-slozky vektoru posunuti v v bodech z%, i = 1,...,m jsou fazeny na
konci vektoru w. Symbol I znaci jednotkovou a O nulovou matici uvedenych
rozmért. Pak (Av);:= z;-slozka vektoru posunuti v v bodech =}, i =1,...,m.
Diskrétni superpotencional £ odpovidajici algebraické hemivaria¢ni rovnici ma
tvar: 1
L(v) = Q(Av,v)Rn —(f,v)rr + ¥(v), veR". (11)

Namisto tlohy (9) pak Fesime tento problém:

Nalézt uw € R" takové, Ze (12)
0€IL(u).

kde 0 je zobecnény Clarkitiv gradient.

Pokud zobrazeni P, zobrazuje W), na Y}, pak oba problémy (9) a (12) jsou
ekvivalentni, za pfedpokladu existence jednostrannych limit b({+) pro kazdé ¢ €
R. Problém (12) budeme fesit nehladkou variantou Newtonovy metody.

Z (12) obdrzime vektor posunuti u, pak vektor 2 vypocteme ze vztahu:

ATE=f - Au.

Timto zptisobem ziskdme obé slozky feseni (9).

(11
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9 Numerické vysledky

Budeme uvazovat dvoudimenzionalni téleso z homogenniho izotropniho materi-
alu, jehoz deformace vede na tilohu zobecnéné rovinné napjatosti. Rozméry télesa,
jeho tloustka a materidlové konstanty jsou uvedeny v odstavci 1, hodnotu zati-
zeni P zvolime 0.05 N/mm? a hodnoty parametrti v diagramech v obr. 1.1 takto:
h1:4.107691:592:4'

N 10,6 Posunuti u, na I‘c
8-
Typ |
— Typll
L — Typlll
/
L /
/
/
/
[ /
/
/
[ /
/
/
B /
/
/
- /
7
7
7
’ 7/
e
-
1 1 1 1 1 1 1 1 1 J
10 20 30 40 50 60 70 80 90 100
obr. 5.1
Napeti T1 na I'C
Typ |
- Typll
— Typ Il

100



Uloha s oboustrannym kontaktem a nemonotonnim tirenim

Celkova deformace, zvetseno 1000000 krat
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