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Abstract

If in the model of measurement except useful parameters, which are
to be determined, other auxiliary parameters occur as well, which were
estimated from another experiment, then the type A and B uncertainties
of measurement results must be taken into account.

The type A uncertainty is caused by the new experiment and the type
B uncertainty characterizes an accuracy of the parameters which must be
used in estimation of useful parameters.

The problem is to estimate of the type A uncertainty in the case that
the type B uncertainty is known.

Key words: two stage linear model, the type A and B uncertainties,
insensitivity region, linearization region
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1 Introduction

Mainly in metrology two types of unertainties have been distinguished, i.e. the
uncertainty A and B. From the mathematical viewpoint they can be character-
ized as follows. In the two stage regression model (1) the covariance matrix of
the estimator of the parameter 3 can be decomposed into two parts. The one
depends on the matrix 3 only (it is the uncertainty A) and in the oter parts
the matrix W occurs (this part is the uncertainty B).
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There are several ways how to characterize the type A and B uncertain-
ties in the measured results (see e.g. [1]), The simplest situation occurs when
the covariance matrix W of the auxiliary parameter estimator and also the co-
variance matrix X of the observation vector of the new experiment are known.
A little more complicated situation occurs when the covariance matrix of the
observation vector depends on some unknown parameter. Then it is necessary
to estimate it from data of the new experiment.

If the regression model of the new experiment is nonlinear, then the problem
of linearization occurs.

It is to be remarked that the mentioned problems lead to the two stage
regression models with/without constraints. Relatively large class of statistical
problems arise there, see e.g. [2], [3], [5], [7], [8], [9]- Small attention is devoted
to estimation of covariance matrix parameters, which serve as a starting point
for a determination of the type A uncertainty.

The aim of the paper is to analyze some simple problems arising in the eval-
uation of an accuracy of measurement results, mainly of the type A uncertainty
in the case that some unknown parameter occurs in covariance matrix 3 of the
new experiment.

2 Symbols and auxiliary statements

(3)~[(o.%) (3)-(372) ®

means that the estimator @Aof the auxiliary vector parameter © is unbiased and
its covariance matrix Var(®) is equal to W (which is assumed to be positive
definite). The mean value E(Y) of the observation vector Y of the new experi-
ment is equal to D® + X3, where n x [ matrix D and n X k matrix X are known
and 3 is the useful parameter of the new experiment. The matrix X is assumed
to be of the rank 7(X) = k < n. The symbol 3 means the covariance matrix
of the observation vector Y and it is assumed that it is positive definite. The
symbol I,, means the n x n identity matrix, A~ is the generalized inverse of a
matrix A, i.e. AA~ A = A (in more detail see [10]) and My = I, - X(X'X)~ X'
is the projection matrix (in the Euclidean norm) on the orthogonal subspace of
the column subspace M(X) = {Xu: u € R*} of the n x k matrix X.

The notation

Theorem 2.1 The best linear unbiased estimator (BLUE) of the vector (g)
in the model (1) is

6\ [/LD\/W! o L o\]'/LD,
3) \o,X 0, x! D, X 0 X
0
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[ ®+WD'(X+DWD')"(Y — DO — X3)
- | [X(=+DWD)"1X] T'X/(Z + DWD')"}(Y - D®) )’
Var(@) = W — WD'[Mx (2 + DWD')Mx ] DW,
Var(8) = [X/(£ +DWD')'X] .
Proof The model

(o )(9)-1( %) (5) (Do = )]

is equivalent to (1). The BLUE of (g) is

~ —1
e\ |(/L o W, —-WD’/ IO
3) |\0, X' )\ -DW, =+ DWD 0, X
I, 0 W, —-WD’
0, X' -DW, 2+DWD’ Y - D
I, 0 W, —~WD/ I,
0, X' )] -DW, ¥ +DWD’ 0,
I, 0 Wl +D'2'D, Dz 1,0
0, X’ > 'D, 0,

W4+ D's"'D, D’z—lx) - (1] E
“\EE)

= (W '+D's"'D)"!
+(W D' D) ID'E X[ 22 X' ' D(W L + D'STID) !

= {upEIxXXEX)!

X'y7'D, X'y 1X

1]= [W!'+D'(MxEMy)™D] "

7(W*1 4 D/Ele)lelzflx _ /,
XX -X'E'D(W ! +D'S"'D)"'D'S'X]

— [X(Z+DWD')'X] ",

—1

I 0 W, -WD \ ' (Wl4+Dx'D D=
0, X' )\ -DW, ¥+ DWD’ - X's71D, X't
Thus

6 1], [12] W1+D21D D's" ©
B 21 22 »'D, X'®° Y - DO

WO +D'SY) +[2X's7lY
(W 1@ +D'E7Y) +[ 22X’y )7
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[11w1e+D'="'Y)- (W !l+D's'D)'D'E'X[22X'SY
(W4 D's'D)"' + (Wl + D'S™'D)"'D'S'X[22[X'S'D

Xx (W liD's D) (W 'e+D's'Y) - (W +D'="'D)"!
xD'sIX[22[X's"lY

[W - WD'(Z + DWD')"'DW](W~'© + D's'Y)

+WD'(2 + DWD')"!X[22[X(Z + DWD')'DW

x (W™1® +D'S7'Y) — [W - WD/'(Z + DWD')"'DW]

x D'EIX[2[X's7'Y

© + WD'(£ + DWD')"![ - DO + X[22[X'(£ + DWD')"'D@]
+WD'S"'Y + WD'(2 + DWD')"![ - DWD'E"'Y + X[22 X’

x (£ +DWD')'DWD'ES"'Y] - WD'E'X[22[X'®"'Y
+WD'(Z +DWD') 'DWD'S'X[22 X's7!Y

© + WD'(Z + DWD') ![ - DO — (DWD' + = - )57 1Y]
+WD'E'Y + WD'(E + DWD')'X[22[X/( + DWD') !

x [DO + (£ +DWD' - )27'Y] - WD'E'X[22[X'E"'Y
+WD'(X + DWD') " 'DWD'S X[ 22 X' 'Y

® - WD'(X +DWD')"'DO® - WD'S"'Y + WD'(X + DWD')'Y
+WD'E'Y + WD'(E + DWD')'X[22[X/(Z + DWD')"'D@
+WD/(Z + DWD')"'X[22X®"'Y - WD/(E + DWD') X[ 22X’
x (Z+DWD)'Y - WD'S'X[22[X'S7'Y + WD'(Z + DWD') !
x DWD'S X[ 22 X's"1Y

© + WD'(X + DWD')"[Y - DO - X[22[X'(X + DWD')"*

x (Y —D®)] + WD'(S + DWD') 'X[22[X'S7'Y - WD'S !X
x|22X'S7'Y + WD'(Z + DWD')"'DWD'E X[ 22 X'y,

Since

WD'(Z +DWD')"'X[22 X'S7'Y - WD'S'X[ 22 X'S'Y + WD/

x(S+DWD')"{(DWD' + £ - &) 'X[22[X'S"'Y =0,

we have

©=0+WD'(=+DWD')"![Y -DO - X[22[X'(£ + DWD')"}(Y - DO)].
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The estimator B is

B =[2[Wle+DEY)+[2X'SY

73

= [2X'S'D(W '+ D'E'D)"H (W@ + D'E7'Y) + [ 22[X'SY
=[22X'=7'Y - [22]X/(Z + DWD')"'DW(W~!'© + D'E7'Y)

= '[=7'Y - (£ + DWD')"'DO — (£ + DWD') 'DWD'S"'Y]

- '[£7'Y - (£ +DWD')"'DO - 'Y + (£ + DWD') Y]
= [22]X'(Z + DWD')"{(Y — D®)

— [X/(Z+DWD')"'X] 'X/(Z + DWD')" (Y — DO).

~

~

The expressions for Var(©) and Var(3) are

i.e.

=W 'l'+D'Z'D) '+ (W4 D'ET'D)'D'ETIX[22[X'ST'D

Var(®) = [11},  Var(8) = [22]

x (W4 D' 'D)7!

= W - WD'(Z + DWD')"'DW + WD'(S + DWD')~'X[22]
x X'(£ + DWD')"'DW

=W -WD'{(Z+DWD')"! — (£ +DWD')"'X
x [X'(£+DWD')"'X]'X/(£ + DWD') "'} DW

= W - WD'[Mx(E + DWD')My] DW

and

= [X'(£+DWD')"'X] "

(cf. also [3, p. 325]).

Remark 2.2 Since

o~

Var(83)

[X(£+DWD)'X] ' = {X'[27! - =7'D

x (W l+D's D) 'D's !X}

[X'S X -X'ST'D(W ! +D'E'D)'D'E X
XE'X) '+ (X'ETX) I X'ST'D[W T+ D'ET'D
~D'ETIX(X'ETX) T IX'E D] T DS IX (XS IX)
X'='X) '+ (XETX)IX'sT'D[W!
+D'(MxSMy) D] ' D'SIX(X'Z X)L,
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the type A uncertainty is given by the matrix (X’X'X)~! and the type B
uncertainty by the matrix

(X'='X)"'X'sT'D[W + D’(MXZMX)+D]’1D’2*1X(X’2*1X)*1.

Remark 2.3 The BLUE B of B from Lemma 1.1 is the same as the BLUE
from the model R
Y -DO ~, (X3,X + DWD'). (2)

In many situation the estimator © cannot be corrected and thus the esti-

mator © has been used only exceptionally. Therefore only the estimator B will
be dealt with in the following text.

Remark 2.4 Another unbiased estimator of the vector 3 is
B =XT'X)"'X'S"Y(Y - DO),
Var(8) = (X’T7'X)"'X'S /(= + DWD)Z ' X(X'E X)L

~ -~

Obviously Var(83) — Var(3) is positive semidefinite matrix. In this case the type
B uncertainty is given by the matrix

X'Z ' X) I X'ST'TDWD'E X (X2 1X) L

In the estimator B from Lemma 1.1 the type B uncertainty is suppressed more
effectively than in the estimator 3. Nevertheless the estimator 3 is frequently
used in practice.

3 The matrix X is of the form ¢*V

In the following text the symbol AT means the Moore-Penrose generalized
inverse of the matrix A, i.e. AATA = A, ATAAT = AT, AAT = (AATY,
ATA = (ATA) (in more detail see [10]).

Lemma 3.1 The unbiased estimator of o2 in the model

Y ~, [(D,X) ((3) ,a2v]

0 =Y (M(p,x)VM(p x))"Y/[n —r(D,X)].

18
and in the case of mormality of the observation vector Y it is wvalid that it is
uniformly best unbiased estimator,

- X2 (D,X) - 20’4
2, g2 oo, d V: 2y
AR r(D, X) o ar(7) n—r(D,X)’

where Xifr(X,D) is the chi-squared random variable with n —r(D,X) degrees of
freedom.
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Proof The expression for 07 is straightforward transcription of the well known

formula
— !/ —
Y - (D, X) (‘3)] V- [Y —(D,X) (g)]
02 — _
o} = DX , n—rD,X)>0.
Full proof of Lemma 3.1 is given in [4, p. 81]. O

It is to be said that the estimator of (9

3 > in the model considered need

not exist, however the estimator

—

o5 (3)

always exists. In practice it can be valid that n — (D, X) = 0 (see the section

Numerical example).
(%),
/
X m(V)

The symbol
used in the following remark means the minimum V-norm generalized inverse

/
of the matrix (g, ), ie.
(D/)(D/) (D/) <D/>
/ / 1) = /
X X m(v) X X
V(D/> <D/> (DX)KD/) ]/V
/ 1] = ) /
X mony \ X X )

(in more detail see [10]).

and

Remark 3.2 Since

+
(Mp,x)VM(px)) " =
= (MxVMy)" — (MxVMx)*D[D'(MxVMx)*D] 'D'(MxVMx)*

and
Y (MxVMx)TY =vV~ly
where
v=Y — X(X’V’lX)’lx’V’lY,
we have

Y (M(p,x)VMp,x)) " Y =
=vV ilv=vV 'y ¥V DD (MxVMy) D'V 'y,
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v— {1— (D, X) [(g)m(v)]/}y.

Lemma 3.3 The unbiased estimator of o2 in the model

where

Y - DO ~, (X8,0*V + DWD/)
8
— A-B
- Tr [(MxZoMx)tV(MyZoMy)tV]’
(Y = DO) (MxZoMy)TV(MxZMx) (Y — DO),
Tr [(MxZ,Mx)tV(MxZMy) " DWD/],

VRS
i

where g = 03V + DWD' and o} is an approzimate value of 0.
In the case of normality of the vector Y — D@ it is valid that

2

Var,: (03) = .
aro3 (02) = [(MxSoMy)"V(MySoMy )t V]

Proof The unbiasedness of the estimator is obvious. In the case of normality
it is sufficient to take into account the relationship

Y ~N,(p,X) = Var(Y'AY) =2Tr(AXAY) +4p/ASAp
(A is any symmetric n X n matrix). O

In order to suppress the influence of the chosen 02 on the estimator, an

iteration procedure is used (the same is valid for 55 from Lemma 3.4).

Lemma 3.4 Let

- ()

V(Mx2My)"V(MxZMx) "],

= Tr [V(MXEOMX)+DWD’(MX20MX)+] = [ ba],
= Tr [DWD'(MxZoMy) " DWD'(Mx ZoMy)"]

M) (1
Sv.pwbr ()\2) = <0>

Then the unbiased estimator with a minimum variance at the point o3 of o2 in

the model (2) is

o~ ~

= (Y - DO) (MxZoMx)" (M V + A DWD')(MxZ;My)* (Y — DO)

and
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and in the case of normality of the vector Y — D® it is valid that

- 1
Vg (73) = 20,087 s (g )
If Sy pwpr is singular, the last equation need not have a solution.

Proof Let 02 = (Y —~DOYA(Y — D®), where A = A/, AX = 0, Tr(AV) = 1
and Tr(DWD’A) = 0. The equality AX = 0 implies A = M xSMx, where S
is any symmetric matrix. In the case of normality

Var [(Y - DO)'A(Y — DO)] =
=2Tr [(MxSMx (0*V + DWD')MxSMx (0*V + DWD')]
=20 Tr(SMx VM xSMx VM) + 402 Tr(SMx VM xSMxDWD'M )
+ 2 Tr(SMxDWD'MxSMxDWD’'My).

In order to minimize Var [(Y — DO)A(Y — D(:))], under the constraints
Tr(AV) = 1 and Tr(ADWD’) = 0, by a suitable choice of the matrix A,
we use the auxiliary Lagrange function

(I)(S) = 0'4 TI‘(SM)(VM)(SM)(VM)() + 20’2 TI‘(SM)(VM)(SM)(DWD/M)()
+ Tr(SMxDWD'MxSMxDWD'My) — 2)\; [ Tr(SMx VMy) — 1]
—2X, Tr(SMxDWD'My).

Then

o0®(S
% = 404MXVMXSMXVMX + 202(2MXVMXSMXDWD’MX

+2MxDWD'MxSMxVMy) + 4MxDWD'MxSMxDWD'Mx
— 20" Diag(Mx VM xSM x VM) — 20° [ Diag(M x VM xSM xDWD'My)
—2Diag(MxDWD'MxSMx VM )] —2 Diag(MxDWD'M xSMxDWD'My)
— 2X1 [2Mx VM x — Diag(Mx VMy)]
—2X2[2MxDWD’'Mx — Diag(MxDWD'My)].

Thus we obtain the system of equations

*MxVMxSMxVMy + c?Mx VM xSM yDWD'M x
+ UZMXDWD’MXSMXVMX + MxDWD/MXsMxDWD/MX
—MMxVMx — AxsMxDWD'Mx =0

A =MyxSMy, Tr(AV)=1, Tr(ADWD’)=0,
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1.e.
MxZoMxSMxEoMy = AAMxVMy + A2sMxDWD'My

= MxSMyx = A =\ MxZ,Mx)"V(MxZMx)"

+ A2 (MxZoMx )" DWD' (Mx X Mx)*,

Tr [VIMxZoMx)TV(Mx3ZoMx)"V]N
+ Tr [(Mx3ZoMx )" DWD'(MxZoMx) V]A; =1,

Tr [(MxZoMx)TV(MxZ,Mx) DWD’| )\,
+ Tr [(MxZoMx) " DWD'(Mx ZoMy) "'DWD'|A; = 0,

e (1)-()
Ao 0
In the case of normality of the vector Y — D@ it is valid that
Var, {(Y — DO [M(MxZeMy )t V(MyxSoMy )t + Ay (Mx ZoMy)*
x DWD'(Mx3oMx )] (Y — D@)}
—2Tr { (M (MxZoMx )"V (Mx ZoMx)*
+Ao(Mx ZoMyx ) P DWD' (M x EoMx )] 30 [\ (Mx SoMx ) TV (Mx SMx )™
+ 2 (Mx My )" DWD' (Mx ZoMy)*] 20}
- Q{Af Tr [(Mx SMy ) V(Mx SMy ) " 5o (Mx SMy ) V(M SMy )t 5]
+2X 20 Tr [(Mx ZoMx ) " DWD' (M SgMy )" 5o(Mx ZoMy ) FV
x (MxZoMx )t 5] + A2 Tr [(Mx ZMx ) T DWD' (Mx ZoMy )+ 5,
X (Max oMo ) 'DWD (Mix B0 M) 3] §

A 1
=2(A,A2)Sv,pwpr </\;) = 2(170)S;DWD’ (0> ' -

Remark 3.5 Since

. < (1,008}, (1>
Tr [(MXZOMX)+V(M)(EOMX)+V] ’ V,DW D’ 0

) { Tr [V(Mx SoMx) "V (Mx SoMy) "]

2
{Tr [V(Mx ZoMx)*DWD'(Mx oMy )*] } -1
" Tr [DWD/(My ZoMy ) DWD' (MxSoMx)t] [

o~

the estimator o3 is obviously better than the estimator o3.
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Lemma 3.6 In the model (2) the estimator

—~ (Y -DO)(MxVMy)"(Y - DO) — Tr [(Mx VMy) " DWD/']
71= n —r(X)

is unbiased and in the case of normality of the vector Y — DO it is valid that
20’4 i 40’2TI‘ [(MXva>+DWD/(MXva)+V]
n—r(X) [n —r(X)]?
2Tr [DWD’(MXVMX)+DWD’(MXVMX)+}
+ .
[n —r(X)]?

Var(c3) =

Proof

E{(Y —DO)' (MxVMx)" (Y - DO) — Tr [MxVMx) DWD'] }
=Tr [(MxVMx)"(6*V + DWD')] — Tr [(MxVMx) " DWD']
=o”Tr [MxVMx)"V] =0*[n - r(X)].

Var(gz) = m Tr [(MXVMx)+(G2V + DWD/)(M)(VMX)-F
x(02V + DWD')] = m{a‘* Tr [(Mx VM) " V(Mx VM) V]

+20° Tr [(Mx VMx)"V(Mx VM) " DWD'] + Tr [(Mx VM) " DWD'
x (Mx VM x) " DWD'] }
20’4 40’2 Tr [(MXva)+DWD/(MXva)+V]

T - r(X) * [n —r(X)]?
2Tr [DWD'(Mx VM) DWD'(Mx VMy)*]
- [ —r(X)P ' D

4 Insensitivity region for the variance of the estimator of
h'3

In this section the notation 02 = ¢ will be used. Let h be any k-dimensional
vector. The aim is to find the neighbourhood AN,/3 of the value ¥y with the

property
0 € Niwp = \/Varg, [0'B(0)] < (1+ ¢)y/ Varg, [W'B(9)].

The neighbourhood N5 is called the insensitivity region.

Theorem 4.1 Let the observation vector Y —D® in, the model (2) be normally
distributed. Then the insensitivity region Ny g for the variance of the estimator
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of h'B in the model (2) is

Nh’ﬁ = {19 |197190|

- 2¢h/(X3;'X)~1h
T\ MXEIX) XS V(M ZMx )t VE X (XS, 1 X) - 1h

Proof Let us consider the relationships

~

®(9) = W' [X'(9V + DWD')"'X] "' X/(¥V + DWD')"'(Y — D®),
)

X/ (9
o (v

= -hX'Z7'X)"'X's- vy !
Gr) ‘19:190 ( 0 ) 0 o Vs

where

o =0V +DWD', v=[I-XXZ;'X)'X'E;'](Y - DO).

Let the symbol Mial denote the expression I — X(X'2,'X)1X'2; .
Since v and B are stochastically independent it is valid that
Vary, [h’B(ﬁo + 09)] ~
~ W(X'S71X) " th o+ 0(X'S5 X)X Ve M
x [Zo — X(X'S5'X)1X] (M?fl)/ SV IX (XS5 1X) " h
=h'(X'3;'X)"'h
+ (69)°0 (X', ' X)X/ V(M ZoMx) T VES ' X (X', ' X) " h.

If €2 is neglected in the expression (14 ¢)2, then the proof of the statement can
be easily finished. O

95 Linearization regions for the bias of the estimators of
B and o2

In this section the model
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will be considered. The function f(-, ) is assumed to be of the form

£(©®,8) =f, + D6O + X458 + %n(é@),éﬁ), fo = £(©© 3,

b 2.0 _#e.p)
T 90 le=e® g=g©’ 98 le=e® p=p©’
K(00,58) = (k1(00,88),...,k,(60,603)),
azfl(gvlg)

ki(6©,683) = (60,53

(5)

where G)(O),ﬂ(o) are approximate values of the parameters @, 3. The estimator
© is considered in the form © = ©©) + §O.
Thus the model (3) can be rewritten as

e -0 L 0) (60 0 W, 0
Y - f, Hn I\ D, X )\ 63 1k(60©,08) )"\ 0, =
where 6@ = ©@ —©©) §8 = 83— 39, The linearized version of the model (3) is
-0\ I 0)(0©) (W, 0 @
Y - £, tnl\p,x)\é8 )0 =)

It can be proved (in more detail see [3]) that the BLUE of §3 in the model
(4) is the BLUE of 43 in the model

0=0(0) =50

o(§)o@.9)

Y — f, — D6O ~, (X53,% + DWD).
It is utilized in the following lemma.
Lemma 5.1 The bias of the BLUE
38 = [X/(£+DWD')'X] 'X/(£ + DWD') "' (Y — £, — DJO)

i the model

Y — f, — D6O ~, (X53,% + DWD/).
18

b= E(38) — 68 = = [X/'(Z + DWD')"'X] “IX/(2 + DWD')'k(50,50)

| =

in the model

Y - £, - D3O ~, <X5ﬁ + %n(é@, 58),S + DWD’> .
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Proof It is a consequence of the relationships
— —~ 1
b= FE(08) — i3, E(Y —f, —D0O®) =Xi8 + 5/{(5@, 00).

O

Definition 5.2 The measure of nonlinearity for the bias of the estimator of 3
is

Cb(G)(O), 5(0)) = sup

/IX' (3 + DWD) 1Xb_ (gcg) e
, R 00
we'sput (53)

Here U is the covariance matrix of the vector (f;:) ), i.e.

U - ([l |ab]
[bal, [bb])
[2a] = W,
1

— ~WD/(Z + DWD')"'X[X/(Z + DWD')"'X] ",
— —[X/(£+DWD')"'X] " 'X'(X + DWD')"'DW,
~ [X/(Z+DWD')'X] .

The measure of nonlinearity enables us to construct so called linearization
region L. It is neighbourhood of the point 3, with the property

By + 68 € Ly, = \/b/[Var(38)]b < e.

Lemma 5.3 The linearization region for the bias of the estimator of the pa-
rameter B in the model (3) is

50 1 (50
.cb{(w):(a@,aﬂ)U1(%)37@(@(;,&0))},

i.e.
(ff;) €Ly, = /X (X +DWD')-1Xb < ¢
Proof With respect to Definition 5.2 it is valid that the inequalities

50
0B

imply the statement of the lemma. O

VO X/(S ¥ DWD')1Xb < (60,63 U} ( > (0, 30 <
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Definition 5.4 Let M(p x) # 0. Then the measure of nonlinearity for the bias

of the estimator o7 is

Cilgz) = sup

V/R(6©.68) (M(p,x) VM x)) " K(0©.68) (5@
(60,58 )U~! (‘f;g’) i

Theorem 5.5 Let in the model (3) ¥ = 0>V. Then in the case of normality

of the vector Y the linearization region for the bias of the estimator o7 of o2 is

L102= {(5@’,55’)U—1 (?3) < V8l - r(D,X)]s} 7

) c Rl-i—k

int
Ci,zﬂ)

i.€. 56
< (5ﬂ) €Ly, = ‘\/E(cr%) —o| <eo.

— 2
Proof Since 07 ~ JQXfTw), f=n—r(D,X), (in more detail see [6]) where the
parameter noncentrality

1 +
it is valid that
—~ 2
3y o
Blor) = n—r(D,X)

1
+ 51/(00,08) (M(p,x) VM(p,x)) " K(00.68)]

{n —r(D,X)

—

The requirement \/ E(c?) — o < 0 leads, with respect to Definition 5.4, to the
relationships

\/ K/(50,68) (M(p.x)VM(p x)) " k(6©,68) < (6©',58) U~ (ffg ) oy

< +/8a2[n — r(D,X)].
Now it is obvious how to finish the proof. O
Now, let us consider the estimator o3.

Definition 5.6 In the model (3) the measure of nonlinearity for the bias of the

estimator o3 is

'MxZoMx)TV(MxXoMx )t
Cyn — sup VK (MxZoMx)FV(Mx3My) H:<5®)€Rl+k

' sanpr1 [ 0© 0B
', 39y0- (55
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o~

Theorem 5.7 The linearization region for the bias of the estimator o3 in the

model (3) is
cun={ (88) 0o (32)

g

Cy 52

< \/2<€TI‘ [V(MXEOMX)+V(MXEOMX)+] }7

(fsg) € Lope = ‘\/E(?g) o
Proof The mean value of the estimator c/rg in the model (3) is

o2y — o2 4 K(00,68)(MxZoMx)tV(MxZMx)tk(60,53)
Tr [VIMxZoMx)+tV(MxZoMx)t] ’

i.e.

< eo.

thus

— / + +
E(U%)ZO’ 1+ H(szoMx) V(szoMx) K
Tr [V(MxZoMx)TV(Mx X My)*]
+ 1 H/(szoMx)+V(MXzoMx)+K
=0 - .
20 Tr [V(MxZoMx)TV(Mx 2 Mx)*]

With respect to Definition 5.6 we have

\/K/(szoMx)+V(MXzoMx)+H S (5@)/, (5,8/)U71 (ig) 02?02

< 0/2e Tr [V(Mx SMx )+ V(M SMy ) +]

and this implies the statement of the theorem. O

6 Numerical example

Let, in the plane, four points Ay, Ao, A3, A4 be given by their coordinates, i.e.

[ ©2i1 .
A'L( 921' >7 7’_17273747

A 201.31m A 406.73 m A 1050.47 m A 630.17 m
11 21080m /) “2\86345m /> 3\ 216.66m )’ “*\ 28.29m /-
The coordinates are estimated and their estimator is
6,
0= : | ~N(®O, W), W =(01m)I.

~

O3
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B

Coordinates ( ﬂl ) of a point P must be estimated by measured distances d;
2
di = BE(Y;) = /(O2i—1 — B1)2 + (02 — B2)?, i=1,...,4,
dy
(@8 =|: |,
dy

where the approximate coordinates 3, are
503.1 m
P < 431.9m > ’
Y ~ Ny(f(©,B), (0.01m)>Ly).

The linearized models of this measurement are

Y —fo~ N, [(D, X) < f;g) ,(0.01 m)2I4}

and
Y — £y — D0® ~ N4 [X43, (0.01 m)*L4 + D(0.1m)*IsD’],

respectively, where fy = £(@q, 3,), O¢ = ©,ie fy,— DO~ f(@),ﬂo). Here
fo = (fou ..., foa) = (374.12,442.18,588.17, 423.14),

foi= \/(@211 - Bio))2 + ((:)21 - éO)>27 D= %‘@:@,5:5“’)7

afO,i o @21'71 - %0) afO,i - @21' - éO)

0021 fo,i T 00y foi
Ofoi _ G2 —B"  9foi O3B
01 fo,i T 0ps foi
0fon  fo.
8(;11 ’ [«)@0)21 ) of ’ 8]97 07 07 07 0
0, 0 02  Ofos 0, 0, 0
D — b b a(—) b 8@4 b b af ) b , DD/ — I47
Oa 07 Oa 07 5@[;37 [«)@(;37 07 0
0, 0, 0, 0, 0, 0, %5
9fo1 9fo1
17 O 0.806 68, 0.590 99
X = 25 g | | 0.21794, —0.975 96
T | s s | T | —0.93063, 0.36595 |
Ofos  Dfou —0.300 30, 0.953 84
op1 > 0OP2

2o = (0.01 m)%*I; + (0.1 m)?’DD’ = 0.01011,.
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The estimator 0% does not exist, since Mpp,x)=0.

The estimator o3 is

- A-B
02 = ,
2 Tr [(MxXoMy)+tV(MxZMx)tV]
A= (Y -DO)(MxZoMy)TV(MxZ;Mx)t(Y — DO),
B = Tr [(MxZ;Mx)*"V(MxZ;My)"DWD'],

and its dispersion is

2
Tr [(MxZoMx)TV(MxZMx)tV]

Var,: (03) = —1.020 01 x 104,
0

It is to be remarked that the realization of o2 can be negative mainly in the
case that o2 is small in comparison with a precision characterized by W.

The estimator o2 in this case does not exist.

The estimator o7 is

— (Y -DO)(MxVMy)"(Y - DO) - Tr [(MxVMy) " DWD/']

3 _
74 = n — r(X) ’
2 20’4 40’2TI‘ [(MXva)+DWD/(MXva)+V]
Var(cy) = +
n —r(X) [n —r(X)]?
2Tr [ DWD'(MxVMx)"DWD'(MxVMx )™
L2 ( X[ X)(X)]2 MAVMOT] 1 190 01 x 10
n—r

It is to be remarked that a realization of o7 can be negative as in the case of

o3.
The accuracy of different estimators of o2 is the same, however it is not

sufficiently good. For example in the case of 73 it is approximately valid that

JVar(y3)

2

1 1

_ Var(62) = — /1020 0L x 10— = 0.505.
(2 a§> ar(73) = 55102 x

Thus the relative standard deviation is 50.5% what is rather large number.
However nothing better can be expected because of the poor precision of the
first stage measurement (W).

It is of some interest to determine the estimates o> and &4 in our example.
If the errors of measurement are (0.022 m,0.032 m,0.007 m, —0.083 m), then
o3 = o3 = 0.021m.

Insensitivity regions Let

Wy =h(X'E;'X) I X'S VM S ' Mx) TVES X (XS, ' X) h.
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If h = (1,0)’, then W(; ) = 0 and also for h = (0,1)’ W) = 0.

Thus the estimators of 5; and 2 are not sensitive on the small changes of
the value 0.

Linearization regions

-([BE)

= W = (0.1)%Ig,

= ~WD'(Z + DWD')"'F[F/(£ + DWD')"'F]
0.004 533, 0.002 734
0.003 321, 0.002 003
0.000 091, —0.000 893

—0.000 409, 0.003 998
0.005 089, —0.000 664 |’

—0.002 001, 0.000 261
0.000 287, —0.001 177

—0.000 911, 0.003 738

— —[X/(Z+DWD')"'X] 'X/(Z + DWD')"'DW =[ab],

. n—1~1-1 _ ( 0.006 319, 0.000 978
B [X (¥+DWD') X] N (0.000 978, 0.004 457) ’

-1

Cb(G(O),ﬁ(O)) = sup

Vb’ X'(£ +DWD')-1Xb (5@> e
0 A\ B
! / —1
e sput (53)
= 0.000 119 76.

If e = 0.1, then

00 P 00 €
Ly = {(55) : (60,583 )U(5ﬁ> < 7017(@(0),&0’)}

is the ellipsoid with the semiaxes equal to

a1 =0.268m, a2 =0.292m, a3=0.346m, a4 =0.346m, a5 = 0.346m,
ag = 0.346 m, a7 =0.346m, ag=0.346m, ag=>5.487m, a9 = 6.530m.

(MxZoMx) " V(MxZoMx )T
Cos = sup VE (MxZMx)FV(Mx3My)*k (5®)€Rl+k

) ¢
e’ opu- (55
= 0.003 776.



88 Lubomir Kubacek, Eva Tesarikova

If e = 0.1, then
50 aC)
Lo g2 = ((m) : (60,68 U! ((m)
g
< /2 e [V(Mx ZoM )+ V (My SoMx )]
2,02

is the ellispoid with the semiaxes

ap =1504dm, a2=1642m, a3=1943m a4 =1943m, a5 =1.943m,
ag = 1.943m, a7 =1.943m, ag=1.943m, a9 = 30.813m, a9 = 36.668m.

The linearization regions £ and L, ,» are sufficiently large with respect to
requirements of geodetical practice.
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