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Abstract

In this paper there are discussed the geodesic mappings which pre-
served the Einstein tensor. We proved that the tensor of concircular cur-
vature is invariant under Einstein tensor-preserving geodesic mappings.
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1 Introduction

From the very beginning, the theory of geodesic mappings attracted attention
by a wide scale of possibilities for applications, not only in geometry itself, but
also as a useful tool of modeling various processes in mechanics and physics.

If we distinguish some class of mappings between spaces from a fixed class,
a natural questions arises, what objects and properties of spaces are preserved,
invariant, under all mappings under consideration.

As far as invariant objects under geodesic mappings are concerned, let us
mention Thomas’ parameters and the Weyl tensor of projective curvature. To
mention some invariant properties, note that the class of spaces of constant
curvature and the class of Einstein spaces are closed under geodesic mappings.
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In this paper, we examine nontrivial geodesic mappings of pseudo-Riemannian
spaces preserving the Einstein tensor. We prove that the tensor of concircular
curvature is an invariant of geodesic mappings. Further, we examine some geo-
metric properties of such spaces.

2 Basic concepts

A diffeomorphism (or a bijection of sufficiently high differentiability class) be-
tween two pseudo-Riemannian spaces Vn and V̄n, equipped with a metric tensor
g and ḡ, respectively, is called geodesic if it is geodesic-preserving, that is, when
it maps any geodesic of Vn into an arbitrarily parametrized geodesic of V̄n again.

A necessary and sufficient condition for existence of a geodesic mapping
between Vn and V̄n is that the conditions [3, 5, 6, 7]

Γ̄hij = Γhij + ψiδ
h
j + ψjδ

h
i , (1)

are satisfied where Γhij and (Γ̄hij) are components of the Christoffel symbols in Vn
and V̄n, respectively (the object in V̄n corresponding to the given object under
a geodesic mapping will be denoted by bar), δhi are Kronecker symbols.

The condition (1) is equivalent of the following Levi-Civita equation [3, 5,
6, 7]

ḡij ,k = 2ψkḡij + ψiḡjk + ψj ḡik (2)

where “, ” denotes a covariant derivative in Vn, ψi is some gradient-like vector,
i.e. ψi = ψ,i.

If ψi �= 0 holds, the mapping is called a non-trivial geodesic mapping. The
following conditions are necessary for a geodesic mapping:

R̄hijk = Rhijk + ψijδ
h
k − ψikδhj , (3)

R̄ij = Rij + (n− 1)ψij , (4)

Here Rhijk is the Riemannian curvature tensor, Rij is the Ricci tensor, and
ψij = ψi,j − ψiψj .

On the other hand, necessary and sufficient condition for existence of non-
trivial geodesic mappings of the given pseudo-Riemannian space onto pseudo-
Riemannian spaces is existence of a solution for the system of equations [3, 7]

aij,k = λigjk + λjgik, (5)

nλi,j = μgij + aαiR
α
j − aαβRα· ij ·β , (6)

(n− 1)μ,k = 2(n+ 1)λαR
α
k + aαβ(2R

α· k,·β −Rαβ· · ,k) (7)

with respect to a regular symmetric tensor aij , a co-vector λi �= 0 and a func-
tion μ. Here Rij = Rαjg

αi; Rk· ijh· = Rαijβg
αkgβh; Rij·· ,k = Rαβ,kg

αigβj;
Ri·j,k· = Rαj,βg

αigβk; gij are elements of the matrix inverse to gij .
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According to the known solutions of the above system of differential equa-
tions the metrics of the resulting image spaces under geodesic mappings can be
determined from the equations [3, 7]:

aij = e2ψ ḡαβgαigβj; (8)

λi = −e2ψψαḡαβgβi. (9)

The important invariants under geodesic mappings are the Thomas’ parameters

T̄ hij = T hij ; T hij = Γhij −
1

n− 1
(δhi Γ

α
jα + δhj Γ

α
iα) (10)

and the Weyl tensor of projective curvature

W̄h
ijk =Wh

ijk; Wh
ijk = Rhijk −

1

n− 1
(δhkRij − δhjRik). (11)

3 Basic equations for Einstein tensor-preserving geodesic
mappings

We call a geodesic mapping Einstein tensor-preserving if it satisfies:

Ēij = Eij , (12)

where

Eij = Rij − R

n
gij (13)

is the Einstein tensor and R = Rαβg
αβ is the scalar curvature.

If this is the case, the deformation tensor for the Ricci tensor takes the form:

Tij = R̄ij −Rij = R̄

n
ḡij − R

n
gij . (14)

On the other hand, accounting (4) we obtain

Tij = R̄ij −Rij = (n− 1)ψij . (15)

Comparing we get:

ψij =
R̄

n(n− 1)
ḡij − R

n(n− 1)
gij . (16)

Substituting the last expression into (3) and using the notation

Y hijk = Rhijk −
R

n(n− 1)
(δhkgij − δhj gik) (17)

(and similarly with bar) we find

Ȳ hijk = Y hijk. (18)

Here Y hijk are components of the tensor of concircular curvature [3, 5, 6, 7, 8].
Hence we have proved:
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Theorem 1 The tensor of concircular curvature is invariant under Einstein
tensor-preserving geodesic mappings.

Let us apply covariant differentiation to the formula (9):

λi,j = −e2ψψα,j ḡαβgβi + e2ψψαψβ ḡ
αβgji + e2ψψjψαḡ

αβgβi. (19)

By (8) and (16), we get

λi,j = μgij +
R

n(n− 1)
aij , (20)

where

μ = e2ψ
(
ψαψβ ḡ

αβ − R̄

n(n− 1)

)
. (21)

Obviously using (8), (9), from (19) and (20) we get (16), and consequently also
(12), hence we have proved:

Theorem 2 A pseudo-Riemannian space admits an Einstein tensor-preserving
geodesic mapping if and only if the conditions (5), (20) and (21) are satisfied.

We say that a pseudo-Riemannian space Vn belongs to the class Vn(B) if it
admits a geodesic mapping and the corresponding vector satisfies [3, 4, 5, 6]

λi,j = μgij +Baij (22)

for some function B.
So we have actually proved that a pseudo-Riemannian space Vn admitting

Einstein tensor-preserving geodesic mappings belongs to the class Vn(B) where
B = R

n(n−1) .

References
[1] Chepurna, O., Kiosak, V., Mikeš, J: Conformal mappings of Riemannian spaces which
preserve the Einstein tensor. J. Appl. Math. Aplimat 3, 1 (2010), 253–258.

[2] Mikeš, J.: On geodesic mappings of Einstein spaces. Math. Notes 28 (1981), 922–923,
Translation of Mat. Zametki 28 (1980), 935–938.

[3] Mikeš, J.: Geodesic mappings of affine-connected and Riemannian spaces. J. Math. Sci.
78, 3 (1996), 311–333.

[4] Mikeš, J., Hinterleitner, I., Kiosak, V.: On the theory of geodesic mappings of Einstein
spaces and their generalizations. AIP Conf. Proc. 861 (2006), 428–435.

[5] Mikeš, J., Kiosak, V. A., Vanžurová, A.: Geodesic mappings of manifolds with affine
connection. Palacky University Press, Olomouc, 2008.

[6] Mikeš, J., Vanžurová, A., Hinterleitner, I.: Geodesic mappings and some generalizations.
Palacky University Press, Olomouc, 2009.

[7] Sinyukov, N. S.: Geodesic mappings of Riemannian spaces. Nauka, Moscow, 1979.

[8] Yano, K.: Concircular Geometry. Proc. Imp. Acad. 16 (Tokyo), (1940), 195–200, 354–
360, 442–448, 505–511.


