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Abstract

In this paper we consider holomorphically projective mappings from
the compact semisymmetric spaces A, onto (pseudo-) Kidhlerian spaces
K,. We proved that in this case space A, is holomorphically projective
flat and K, is space with constant holomorphic curvature. These results
are the generalization of results by T. Sakaguchi, J. Mikes, V. V. Doma-
shev, N. S. Sinyukov, E. N. Sinyukova, M. Skodova, which were done for
holomorphically projective mappings of symmetric, recurrent and semi-
symmetric Kéhlerian spaces.
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1 Introduction

Diffeomorphisms and automorphisms of geometrically generalized spaces consti-
tute one of the current main directions in differential geometry. A large number
of papers are devoted to geodesic, quasigeodesic, almost geodesic, holomorphi-
cally projective and other mappings (see [1], [6], [8], [9], [10], [14], [16], [18], [20],
[21], [22], [23]). On the other hand, one line of thought is now the most im-
portant one, namely, the investigation of special affine-connected, Riemannian,
Kaéahlerian and Hermitian spaces.

As we know, Kéhlerian spaces are the special case of Hermitian spaces [23].
In many papers, holomorphically projective mappings and transformations of
Hermitian spaces are studied (for example see [1], [3], [4], [10], [12], [15], [16],
[13], [17], [19], [20], [21], [23]). These are special cases of Fj-planar mappings.
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In [8], [10], Fi-planar mappings from the space A,, with affine connection onto
a Riemannian space V,, are defined and studied.

In this paper, we present some new results obtained for holomorphically
projective mappings from compact equiaffine semisymmetric A,, onto Kéhlerian
spaces K,,.

2 Holomorphically projective mappings

J. Mikes and O. Pokornd [12] considered holomorphically projective mappings
from equiaffine spaces A,, onto Kéhlerian spaces K,,.

A space A,, with the affine connection I' is equiaffine if in A,, the Ricci tensor
is symmetric. A (pseudo-) Riemannian space K, is called a Kdhlerian space if
it contains, along with the metric tensor g, an affine structure F' satisfying the
following relations

F? = —Id, (X, FY)+g(Y,FX) =0, VF =0,

where X,Y € TK,, V is the connection of K.

The following criteria from the paper [12] hold for holomorphically projective
mappings from an equiaffine space A,, onto a Kihlerian space K,,.

Consider concrete mappings f: A, — K,, both spaces being referred to the
general coordinate system x with respect to this mapping. This is a coordinate
system where two corresponding points M € A,, and f(M) € K, have equal
coordinates z = (z!,22,...,2"); the corresponding geometric objects in K, will
be marked with a bar. For example, V and V are connections on A4,, and K,,,
respectively.

The equiaffine space A,, admits a holomorphically projective mapping f onto
the Kihlerian space K, if and only if the following conditions in the common
coordinate system z hold

VX, Y)=V(X,Y)+(X)Y + (V) X —(FX)FY — (FY) FX.

where 1) is a linear form. We suppose that i is a gradient form, i.e. ¢ = d¥. In
this space A, there is a complex structure F' covariantly constant.

If ¢b # 0 then a holomorphically projective mapping is called nontrivial;
otherwise it is said to be trivial or affine.

Hereafter we shall assume that in the equiaffine space A,, the Ricci tensor Ric
with respect to the structure F' will be preserved, i.e. Ric(X,Y) = Ric(FX,FY).

In this case P = P holds, where

1 (0% (0%
Pl = By = (6 = 8 R+ (P R — LRy 7 +2 PP R )
is the tensor of the holomorphically projective curvature of A,. This tensor is
an invariant object of the holomorphically projective mappings, see [10], [20],
[21], [23]. This tensor is F-traceless [5].
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If an equiaffine space A,, with condition Pl’; x = 0 (holomorphically projective
flat space)_adrnits a holomorphically projective mapping onto a Kdhlerian space
K,, then K, has the constant holomorphic curvature [12].

3 Holomorphically projective mappings from
semisymmetric equiaffine spaces

It is known, semisymmetric spaces A, are characterized by the condition
Ro R = 0 [2]. These spaces were characterized by N. S. Sinyukov [20] by
the following differential conditions on the Riemannian tensor: R?jk{ | = 0.
On base of the Ricci identity, this condition is written as follows

m

R}alzij?Zm + thak ?lm + thjaRglm - RiaijZlm =0.
We have the following [6]:

Theorem 1 If an equiaffine semisymmetric space A,,, where the Ricci tensor
R;; with respect to the structure F' will be preserved, admits a holomorphically
projective mapping onto a Kdihlerian space K,,, then K, is the space with the
constant holomorphically projective curvature or K, admits a K-concircular
vector field v;, which satisfies

Vy(X) = p(X(Y) + p(FX)(FY) = = §(X.¥), A=const. (3.1)

S|

4 Holomorphically projective mappings from compact
semisymmetric equiaffine spaces

We have the following:

Theorem 2 If a compact equiaffine semisymmetric space A,,, where the Ricci
tensor R;; with respect to the structure F' will be preserved, admits a holomor-
phically projective mapping onto a Kihlerian space K,, then K,, is the space with
the constant holomorphically projective curvature (and K, is holomorphically
projective) or mapping is trivial (affine).

Proof Let A, be a compact semisymmetric space of the type described above
which admits a holomorphically projective mapping onto a Kihlerian space K,,.

According to the Theorem 1, we have formulas (3.1) which may be written
on all coordinate neighbourhood (z) in the followig form

A
i — Vith; + Yatp FPF) = — 9nis (4.1)
where “,” is denote covariant derivative with respect to the connection V on
Ay, Ui, Fih and g;; are components of form 1), structure F' and metric tensor g,
respectivelly.
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Let us suppose that there exists some solution of the equation (4.1), let be
denoted by ¢. Using ¢ we obtain the following formulation of these equations:

A
VYij =i — Yipj + ¢a<P/3FfFjB = Oni> (4.2)

Since the metric tensor g;; is regular (det(g) # 0), in a neighbourhood of
every point there exists a positive form A% z;z; such that

gij Aij Z 0 (OI‘ gij Aij S 0)
Contracting formula (4.2) we have 1;; A” > 0 (or ¢;; AY < 0), which may
be, in detail, written in the form:

(Wi — W05 + U oppFPF)) AT >0 (or <0) (4.3)

where the symbol > (or < 0) evidently depends on the signum of the constant A
and ¢ = dV¥.
The formula (4.3) may be written in the following form:

*U(x) i oY (z) _,
~ =~ E Y v > <
DD A% (z) + o B'(z)>0 (or <0)
where B’(z) are function on coordinate neighbourhood of manifold.
It follows from the Hopf’s Theorem (see [11], [24]) that this second order
differential equations has only trivial solution ¥ = const. This implifies ©) = 0.
Herewith the proof is complete. O

References

[1] Beklemishev, D. V.: Differential geometry of spaces with almost complex structure. Ge-
ometria. Itogi Nauki i Tekhn., All-Union Inst. for Sci. and Techn. Information (VINITI),
Akad. Nauk SSSR, Moscow, (1965), 165-212.

[2] Boeckx, E., Kowalski, O., Vanhecke, L.: Riemannian manifolds of conullity two. World
Sci., 1996.

[3] Domashev, V. V., Mikes, J.: Theory of holomorphically projective mappings of Kahlerian
spaces. Math. Notes 23 (1978), 160-163, transl. from Mat. Zametki 23, 2 (1978), 297-304.

[4] Kurbatova, I. N.: HP-mappings of H-spaces. Ukr. Geom. Sb., Kharkov 27 (1984), 75-82.

[5] Lakoma, L., Jukl, M.: The decomposition of tensor spaces with almost complex structure.
Suppl. Rend. Circ. Mat. (Palermo) 72, IT (2004), 145-150.

6] Al Lamy, R. J. K., Skodové, M., Mikes, J.: On holomorphically projective mappings from
equiaffine generally recurrent spaces onto Kdhlerian spaces. Arch. Math. (Brno) 42, 5
(2006), 291-299.

[7] Mikes, J.: Geodesic mappings onto semisymmetric spaces. Russ. Math. 38, 2 (1994),
35-41, transl. from Izv. Vyssh. Uchebn. Zaved., Mat. 381, 2 (1994), 37-43.

[8] Mikes, J.: On special F-planar mappings of affine-connected spaces. Vestn. Mosk. Univ.
3 (1994), 18-24.

[9] Mikes, J.: Geodesic mappings of affine-connected and Riemannian spaces. J. Math. Sci.,
New York 78, 3 (1996), 311-333.



Holomorphically projective mappings. . . 53

(10]
(11]
(12]

(13]

(14]

(15]

[16]
(17]
(18]
(19]

20]
21]

(22]
(23]

(24]

Mikes, J.: Holomorphically projective mappings and their generalizations. J. Math. Sci.,
New York 89, 3 (1998), 1334-1353.

Mikes, J., Chodorova, M.: On concircular and torse-forming vector fields on compact
manifolds. Acta Acad. Paedagog. Nyregyhdzi., Mat.-Inform. Kozl. (2010).

Mikes, J., Pokorna, O.: On holomorphically projective mappings onto Kdhlerian spaces.
Suppl. Rend. Circ. Mat. (Palermo) 69, II (2002), 181-186.

Mikes, J., Radulovié¢, Z, Haddad, M.: Geodesic and holomorphically projective mappings
of m-pseudo- and m-quasisymmetric Riemannian spaces. Russ. Math. 40, 10 (1996),
28-32, transl. from Izv. Vyssh. Uchebn., Mat 1996, 10(413), 30-35.

Mikes, J., Sinyukov, N. S.: On quasiplanar mappings of spaces of affine connection. Sov.
Math. 27, 1 (1983), 63-70, transl. from Izv. Vyssh. Uchebn. Zaved., Mat., 1983, 1(248),
55—61.

Mikes, J., Starko, G. A.: K-concircular vector fields and holomorphically projective
mappings on Kihlerian spaces. Circ. Mat. di Palermo, Suppl. Rend. Circ. Mat. (Palermo)
46, 11 (1997), 123-127.

Mikes, J., Vanzurova, A., Hinterleitner, I.: Geodesic Mappings and some Generalizations.
Palacky Univ. Publ., Olomouc, 2009.

Otsuki, T., Tashiro, Y.: On curves in Kaehlerian spaces. Math. J. Okayama Univ. 4
(1954), 57-78.

Petrov, A. Z.: Simulation of physical fields. In: Gravitation and the Theory of Relativity,
4-5, Kazan’ State Univ., Kazan, 1968, 7-21.

Sakaguchi, T.: On the holomorphically projective correspondence between Kdhlerian
spaces preserving complex structure. Hokkaido Math. J. 3 (1974), 203-212.

Sinyukov, N. S.: Geodesic mappings of Riemannian spaces. Nauka, Moscow, 1979.

Sinyukov, N. S.: Almost geodesic mappings of affinely connected and Riemannian spaces.
J. Sov. Math. 25 (1984), 1235-1249.

Sobchuk, V. S.; Mikes, J., Pokornd, O.: On almost geodesic mappings mwo between
semisymmetric Riemannian spaces. Novi Sad J. Math. 29, 3 (1999), 309-312.

Yano, K.: Differential Geometry on Complex and Almost Complex Spaces. Pergamon
Press, Oxford—-London—New York—Paris—Frankfurt, 1965.

Yano, K., Bochner, S.: Curvature and Betti Numbers. Annals of Mathematics Studies
32, Princeton University Press, Princeton, 1953.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts false
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002000d>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002000d>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /GRE <>
    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002000d>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e000d>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CZE <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


